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Notation for Leavitt algebras
From now on, we always take the base field to be C.

Definition

Let d € {2,3,4,...}. We define the Leavitt algebra Ly to be the universal

complex associative algebra on generators s1, S, ...,S4, t1,t2, ..., tg
satisfying the relations:

tisi=1 for j € {1,2,...,d},
satisfying the relations:
tisk =0 for j,k € {1,2,...,d} with j # k,

and satisfying the relations:

d
Y ost=1
j=1
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Cuntz algebras

Ly is the Leavitt algebra, taken to be generated by
S1,%2,.-.,54, t1, t2, ..., tg, in which the s; play the role of the isometries
and the t; play the role of their adjoints.
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LP analogs of Cuntz algebras

From now on (with very occasional exceptions), all representations of Ly
will be taken to be unital.

Recall: Oy = p(Ly) for any unital representation p: Ly — L(H) such that
p(t;) = p(sj)for j=1,2,...,d.

For p € [1,00) \ {2}, we will take (definitions and justifications to follow)

the algebra OF to be defined by OF = p(Ly) for any spatial representation
p: Ly — L(LP(X, u)) for a o-finite measure space (X, B, u).
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Towards a quick definition of OF

For any set S, give /P(S) the usual meaning (using counting measure
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Recall: the representation p: Ly — L(LP(X, u)) is spatial if:
o ()l llo(5)]l < 1for j=1,2,....d.
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is Zo. Define p(s;), p(t;) € L(IP(Z0)) by, for & = (£(1), £(2), ...) € IP
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§(fd_’jl(n)) n € ran(fy ;)

0 n & ran(fy ;) and  (p()&)(n) = &(fa,i(n))-
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If d =2, then
0(51)5 = (5(1)7 07€(2)7 076(3)7 0,.. ) and p(tl)f = (6(1)75(3)75(5)7 .- )
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Equivalent conditions for a representation to be spatial

We define below a “spatial partial isometry”. Then the equivalent
conditions in the following theorem define a spatial representation of MZ.
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Let p € [1,00) \ {2}, let (X, B, i) be a o-finite measure space, and let

p: Mg — L(LP(X, 1)) be a representation. Then the following are
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Spatial representations

The theorem on the previous page gave five equivalent conditions for a
representation p: My — L(LP(X, 1)) to be spatial. Part of the intention is

to make the case that this is a very natural class of representations to
consider.
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natural class of representations. Again, spatial representations are quite
rigid. There are also about an equal number of equivalent conditions
which we omit.
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Theorem

Let p € (1,00) \ {2}, let (X, B, 1) be a o-finite measure space, and let
p: Ly — L(LP(X, 1)) be a representation. Then the following are
equivalent:
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@ With % + % = 1, the transpose representation p’ of Ly on LI(X, 1),
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@ With % + % = 1, the transpose representation p’ of Ly on LI(X, 1),
determined by p'(s;) = p(t;)" and p'(t;) = p(s;)’ for all j, satisfies any
of the conditions above.
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Spatial representations of Ly
Recall the row isometry condition from the previous theorem:

(p(s1) p(s2) -+ p(sd)) defines an isometry
LP(X, 1) o LP(X, 1) @ -+ Ep LP(X, 1) — LP(X, 1)

We can rewrite this as follows:

N. C. Phillips (University of Oregon) LP Cuntz algebras 24 April 2013

13 / 34



Spatial representations of L4
Recall the row isometry condition from the previous theorem:

(p(s1) p(s2) -+ p(sd)) defines an isometry
LP(X, 1) o LP(X, 1) @ -+ Ep LP(X, 1) — LP(X, 1)

We can rewrite this as follows: For A = (A1, A2,...,Aq) € C9, the

operator
d
Z Aip(sj)
j=1

is a scalar multiple of an isometry,
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Spatial representations of L4
Recall the row isometry condition from the previous theorem:

(p(s1) p(s2) -+ p(sd)) defines an isometry
LP(X, 1) @p LP(X, 1) @p -+ @p LP(X, 1) — LP(X, ).

We can rewrite this as follows: For A = (A1, A2,...,Aq) € C9, the
operator
d
> Nio(s)
j=1

is a scalar multiple of an isometry, with the scalar being ||A||,. For p = 2,
this condition also characterizes the representations p such that

p(t;) = p(s;)* for j=1,2,...,d.
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Spatial representations of Ly
Recall the row isometry condition from the previous theorem:
(p(s1) p(s2) -+ p(sd)) defines an isometry
LP(X, 1) ©p LP(X, 1) ®p - - Bp LP(X, ) — LP(X, pu).

We can rewrite this as follows: For A = (A1, A2, ..., Ag) € CY, the
operator

d
> xio(s)
=1

is a scalar multiple of an isometry, with the scalar being ||A||,. For p = 2,
this condition also characterizes the representations p such that

p(t;) = p(s;)* for j=1,2,...,d.

Applying this condition to the transpose representation, we find, for
example, that
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What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, p). For
example, the only isometries on /5 are the “complex permutation
matrices”:
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What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, p). For
example, the only isometries on Ig are the “complex permutation
matrices”: let o be a permutation of {1,2,...,d}, let A1, A2,...,A\g € C
have absolute value 1, and consider

d
> Ai€j,a)-
j=1

Begin with some examples of isometries.
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What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, u). For
example, the only isometries on /5 are the “complex permutation
matrices”: let o be a permutation of {1,2,...,d}, let A1, A2,...,A\g € C
have absolute value 1, and consider

d
> Ao
j=t
Begin with some examples of isometries.

Q Let f: X — C satisfy |f| =1 a.e. [p]. Then multiplication by f is an
isometry on LP(X, ).
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What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, u). For
example, the only isometries on /5 are the “complex permutation
matrices”: let o be a permutation of {1,2,...,d}, let A1, A2,...,A\g € C
have absolute value 1, and consider

d
> N o)-
j=1

Begin with some examples of isometries.
Q Let f: X — C satisfy |f| =1 a.e. [p]. Then multiplication by f is an
isometry on LP(X, ).

@ Let (X,B,u) and (Y,C,v) be measure spaces. Let Yy C Y. Let
h: X — Yy be a bimeasurable bijection such that v(h(E)) = u(E) for
all E C X.
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0 Y€ Yo.

N. C. Phillips (University of Oregon) LP Cuntz algebras 24 April 2013 14 / 34



What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, u). For
example, the only isometries on /5 are the “complex permutation
matrices”: let o be a permutation of {1,2,...,d}, let A1, A2,...,A\g € C
have absolute value 1, and consider

d
> N o)-
j=1

Begin with some examples of isometries.
Q Let f: X — C satisfy |f| =1 a.e. [p]. Then multiplication by f is an
isometry on LP(X, ).
@ Let (X,B,u) and (Y,C,v) be measure spaces. Let Yy C Y. Let
h: X — Yy be a bimeasurable bijection such that v(h(E)) = u(E) for
all E C X. Then define v: LP(X, ) — LP(Y,v) by
EhH(y)) yeYo
(V) =
0 Y€ Yo.

N. C. Phillips (University of Oregon) LP Cuntz algebras 24 April 2013 14 / 34



What is a spatial partial isometry?

For p € (0,00) \ {2}, there are very few isometries on LP(X, u). For
example, the only isometries on /5 are the “complex permutation
matrices”: let o be a permutation of {1,2,...,d}, let A1, A2,...,A\g € C
have absolute value 1, and consider

d
> N o)-
j=1

Begin with some examples of isometries.
Q Let f: X — C satisfy |f| =1 a.e. [p]. Then multiplication by f is an
isometry on LP(X, ).
@ Let (X,B,u) and (Y,C,v) be measure spaces. Let Yy C Y. Let
h: X — Yy be a bimeasurable bijection such that v(h(E)) = u(E) for
all E C X. Then define v: LP(X, ) — LP(Y,v) by
EhH(y)) yeYo
(V) =
0 Y€ Yo.

N. C. Phillips (University of Oregon) LP Cuntz algebras 24 April 2013 14 / 34



What is a spatial partial isometry? (continued)
Examples of isometries (continued):

@ As before: Multiplication by functions of absolute value 1.

@ As before: Let Yo C Y. Let h: X — Y{ be a measure preserving
bijection. Then define v: LP(X, ) — LP(Y,v) by

EhH(y)) yeYo

(V) = {0 v

@ (A modification of the preceding example.)
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What is a spatial partial isometry? (continued)
Examples of isometries (continued):

@ As before: Multiplication by functions of absolute value 1.

@ As before: Let Yo C Y. Let h: X — Y{ be a measure preserving
bijection. Then define v: LP(X, ) — LP(Y,v) by

_ [t o) vevo
(V) = {0 v

© (A modification of the preceding example.) Let (X, B, u) and
(Y,C,v) be o-finite measure spaces. Let h: X — Yy be a
bimeasurable bijection such that for E C X we have v(h(E)) =0 if
and only if u(E) = 0.
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Examples of isometries (continued):
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.

Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces.
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.
@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.

Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v)=(X,B,u) x (Z,D,N).
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.

Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v) = (X,B,u) x (Z,D, ). Choose ng € LP(Z, \) such that
70l =1,
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.

Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v) = (X,B,u) x (Z,D, ). Choose ng € LP(Z, \) such that
llmo|l = 1, and consider the map & — & ® ng from LP(X, ) to
LP(Y,v).
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.
Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v) = (X,B,u) x (Z,D, ). Choose ng € LP(Z, \) such that
llmo|l = 1, and consider the map & — & ® ng from LP(X, ) to
LP(Y,v).
Lamperti's Theorem (1958) states that, roughly speaking, if (X, 5, 1) and
(Y,C,v) are o-finite and p # 0,2, 0,
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.
Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v) = (X,B,u) x (Z,D, ). Choose ng € LP(Z, \) such that
llmo|l = 1, and consider the map & — & ® ng from LP(X, ) to
LP(Y,v).
Lamperti's Theorem (1958) states that, roughly speaking, if (X, 5, 1) and
(Y,C,v) are o-finite and p # 0,2, 00, then every isometry from LP(X, 1)
to LP(Y,v) is a combination of isometries of these types.
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What is a spatial partial isometry? (continued)

© As before: Multiplication by functions of absolute value 1.

@ As before: Composition with the inverse of a measure preserving
bijection from X to a subset of Y.

© As before: Composition with the inverse of a measure class preserving
bijection from X to a subset of Y, corrected by multiplying by a
suitable power of a Radon-Nikodym derivative.

Q Let (X,B,u) and (Z,D, A) be o-finite measure spaces. Set
(Y,C,v) = (X,B,u) x (Z,D, ). Choose ng € LP(Z, \) such that
llmo|l = 1, and consider the map & — & ® ng from LP(X, ) to
LP(Y,v).
Lamperti's Theorem (1958) states that, roughly speaking, if (X, 5, 1) and
(Y,C,v) are o-finite and p # 0,2, 00, then every isometry from LP(X, 1)
to LP(Y,v) is a combination of isometries of these types.

(One might need to make do with something a bit weaker than a point
map in (2) and (3), and (4) is only a special case of something more
general but following the same basic idea.)
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Lamperti: For p # 0,2, 00, every isometry from LP(X, u) to LP(Y,v) is a
composition, in this order, of operators almost of the following types:
© Use something close to a measure class preserving bijection to map
from LP(X,pu) to LP(Z, ).
@ Apply a generalization of £ — & ® g to map to LP(Yo,v) C LP(Y,v).
© Multiply by a function on Yy of absolute value 1.
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Lamperti: For p # 0,2, 00, every isometry from LP(X, u) to LP(Y,v) is a
composition, in this order, of operators almost of the following types:
© Use something close to a measure class preserving bijection to map
from LP(X,pu) to LP(Z, ).
@ Apply a generalization of £ — & ® g to map to LP(Yo,v) C LP(Y,v).
© Multiply by a function on Yy of absolute value 1.
Definition
An isometry is spatial if the second factor above does not occur.
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@ Apply a generalization of £ — & ® g to map to LP(Yo,v) C LP(Y,v).
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Definition
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partial isometry is a map LP(X, ) to LP(Y,v) of the form multiplication

by a characteristic function xx, followed by a spatial isometry from
LP(Xo, 1) to LP(Y ).
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Lamperti: For p # 0,2, 00, every isometry from LP(X, u) to LP(Y,v) is a
composition, in this order, of operators almost of the following types:
© Use something close to a measure class preserving bijection to map
from LP(X,pu) to LP(Z, ).
@ Apply a generalization of £ — & ® g to map to LP(Yo,v) C LP(Y,v).
© Multiply by a function on Yy of absolute value 1.
Definition
An isometry is spatial if the second factor above does not occur. A spatial
partial isometry is a map LP(X, ) to LP(Y,v) of the form multiplication
by a characteristic function xx, followed by a spatial isometry from
LP(Xo, 1) to LP(Y ).

Remark
A surjective isometry is necessarily spatial.
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Lamperti: For p # 0,2, 00, every isometry from LP(X, u) to LP(Y,v) is a
composition, in this order, of operators almost of the following types:
© Use something close to a measure class preserving bijection to map
from LP(X, p) to LP(Z, ).
@ Apply a generalization of £ — & ® g to map to LP(Yo,v) C LP(Y,v).
© Multiply by a function on Yy of absolute value 1.
Definition
An isometry is spatial if the second factor above does not occur. A spatial
partial isometry is a map LP(X, ) to LP(Y,v) of the form multiplication
by a characteristic function xx, followed by a spatial isometry from
LP(Xo, 1) to LP(Y ).

Remark
A surjective isometry is necessarily spatial.

Remark
A spatial partial isometry s has a “reverse”, which plays the role of s* for
a partial isometry on a Hilbert space.

v
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Equivalence of conditions for a representation to be spatial

We gave lists of equivalent conditions for a representation of My to be
spatial, and for a representation of Ly to be spatial. Some of them involved
the notion of a spatial partial isometry, and some didn't. For example:
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row isometry, then p(s;) is a spatial isometry for all ;.
e If p is a representation of Ly such that ||p(s;)|, [|p(;)]] < 1 for all j,
and p|p, is contractive as a map on MY, then p(s;) is spatial for all .
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Uniqueness and simplicity
Theorem (Uniqueness)
Let p € [1,00) \ {2}, and let p; and py be spatial representations on

LP-spaces (using o-finite measures). Then there is an isometric
isomorphism ¢: p1(Ly) — p2(Ly) such that

o(p1(s)) = p2(s;) and  p(p1(t)) = p2(t))
forj=1,2,...,d.
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Fix p € [1,00) \ {2}.
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|deas of the proof of uniqueness (continued)
p: Ly — L(LP(X,u)) is a spatial representation,
LP(Y,0) = LP(X X Z, ju x ) = LP(X, 1) © IP(Z),
and o: Ly — L(LP(Y,v)) is a free spatial representation determined by

o(s;) = p(s) @ u and o(t;) = p(t) @ u™".

Let a € Ly.
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|deas of the proof of uniqueness (continued)

Given a spatial representation p of Ly, we found a free spatial
representation o of Ly such that ||o(a)|| > ||p(a)| for all a € Ly.

Now suppose that p is any spatial representation and o is any free spatial
representation. We outline how to show that ||o(a)|| < ||p(a)]
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representation o of Ly such that ||o(a)|| > ||p(a)]| for all a € Ly.
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representation. We outline how to show that ||o(a)|| < ||p(a)]|-
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a=(a(1), a(2), ...,a())in {1,2,...,d}, set

ha = ha(l) o ha(Z) O---0 ha(/).

A combinatorial argument can be used to show that for every N € Z~
there is E C X with u(E) > 0 such that the sets h,(E), for all words a of
length up to N, are disjoint.
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|dea of proof of simplicity

The proofs of simplicity and pure infiniteness are essentially the same as
the original proofs of Cuntz, except that one must check many more

things because, for example, injective homomorphisms need not be
isometric or even have closed range.

We need simplicity of the analog of the UHF core.
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Analogs of UHF algebras on LP spaces

Recall: A is normalized counting measure, /7 = LP({1,2,...,d} \),
X ={1,2,...,d}?>0, and p is the infinite product of copies of .
We write X = X, x Y, with

n o
Xo=[[{1.2,...,d} ={1,2,....d}" and Y,= [] {1.2,....d},
k=1

k=n+1
with product measures p, and v,.
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Xo=[[{1.2,....d} ={1,2,...,d}" and Y,= [ {1.2,....d},
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with product measures p, and v,.

We get (using a suitable Banach space tensor product)

LP(X, 1) = LP(Xp, ptn) @p LP(Yn, vn) and  LP(Xp, tn) = Q) 15
k=1
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Simplicity of LP UHF algebras

Recall (abusing notation):

D= Gél\ﬂg:él\ﬂg
k=1

n=0

Let S C Zso. If S C {1,2,...,n}, then we can interpret @, .5 M
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For general S C Z~g, we take Ds C D to be

ps=J & M

n=0 keSN{1,2,...,n}
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Let tr be the normalized trace. Then
-1
= tr( 1
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for all a € I\/Ig. Since the elements of G are isometries, this formula defines

a contractive Banach algebra conditional expectation I\/IZ —C-1.
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Simplicity of LP UHF algebras: conditional expectations
Recall: For § C Z~y,

o0
D5:U ® Mg:®/wg,

n=0 keSn{1,2,...,n} keS

G C M7 is the group of signed permutation matrices, and

card Zgg =tr(a) - 1.

Suppose ki, ka, ..., k. € Z\ S are distinct, and T = S U {kq, ko, ..., k- }.
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Simplicity of LP UHF algebras: end of the proof
Recall: For § C Z~y,

- @ m-@m

n=0 keSn{1,2,...,n} keS

and we have closed ideal preserving Banach algebra conditional
expectations Et s: D — Ds for S C T.
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Spatial LP UHF algebras: the general case

The algebra D = @2, M5 we considered is “spatial”, because we made
it using spatial representations of Mg.
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Nonspatial L? UHF algebras

One can consider representations of M7 on LP spaces more general than
the identity representation on /5.
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and take
ps(a) = @ vav~L.
veS

If we take S to consist of diagonal matrices, then |[ps(e; )| =1 for all j.

Consider infinite tensor products of matrix algebras My, using subsets S,
of the diagonal matrices in My, .
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K-theory of OF

We had L
FP(Z,D, o) = My ®p (’)5.

There is a Pismner-Voiculescu exact sequence for the K-theory of reduced
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