THE STRUCTURE OF GRAPH C*-ALGEBRAS AND
THEIR GENERALIZATIONS

MARK TOMFORDE

These notes are an expanded version of the material covered by the author
in his four talks at the Graph Algebra Workshop in Mélaga, Spain during
July 3-8, 2006. These four talks were given on Tuesday, July 4 following
Tain Raeburn’s lectures on Monday, and throughout these notes we will
assume familiarity with some of the basic material he covered (much of
which can be found in Chapters 1 and 2 of [34]). Our goal in these notes
is to provide self-contained proofs of some of the results concerning ideal
structure of graph algebras, and also to survey certain additional topics
such as desingularization, K-theory and its applications to classifying C*-
algebras, and various generalizations of graph algebras.

In these notes we will follow the convention of having the partial isome-
tries in a graph algebra go in a direction opposite the edge (so the source
projection of s is p,.() and the range projection of s, is dominated by py())-
This is the convention used in most of the graph C*-algebra literature. How-
ever, it is not the convention recently adopted by Raeburn in his notes from
this workshop and in his book [34]. Nonetheless, the author feels there are
several good reasons for breaking from the convention used by Raeburn and
instead have the edges go the “classic” direction. In the author’s opinion,
much of the notation and many results in the subject take a more natural
form when one has the edges going this way; and furthermore, much of the
notation agrees with notation and conventions from other subjects. A few
examples are:

(1) With our convention, graph properties are often stated in terms of
traversing paths forward and being able to reach certain vertices.
For example: cofinality means that any vertex can reach any infinite
path by following edges forward; we will frequently talk of vertices
being able to reach loops by following edges forward; and a set H
is said to be hereditary if, when following edges forward, once one
enters H one stays in H. If one uses the alternate convention, one
must instead rephrase all these results in terms of “inverse reaching”
or following directed edges backwards.
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(2) When we write a path e ...e, we have r(e;) = s(e;+1), so that the
path traverses edges in the same way one reads them: from left to
right. Also the source of this path is s(ej) and the range is (e, ), and
when we speak of infinite paths they are of the form e; ... starting
at s(e1). If one uses the alternate convention, then a path e;...e,
has source s(e,) and range r(e1) and one traverses the path from
right to left. Also, in the alternate convention infinite paths are of
the form ejesy ... ending at r(eq).

(3) If we want to realize the AF-algebra with Bratteli diagram E as a
full corner of the graph algebra C*(E), then our convention agrees
with the conventions used in Bratteli diagrams. With the alternate
convention, one has to reverse the edges of the Bratteli diagram.
(See [34, p.20-21] for more details.)

(4) Our convention agrees with the conventions used in Leavitt Path
Algebras (which are based off of graph conventions in Algebra). In
particular, with our convention, the partial isometries satisfy the
same relations as the generators of the Leavitt Path Algebra. Since
Leavitt Path Algebras have a great deal in common with graph C*-
algebras, this allows one to more easily compare results for the two
objects.

(5) With our convention, if A is the vertex matrix of a graph then
A(v,w) is the number of edges from v to w. Again, this agrees
with reading from left to right, and it also agrees with the conven-
tion used in graph theory. If one uses the alternate convention, then
A(v,w) is the number of edges from w to v, which forces one to
read from right to left, and does not agree with the matrix used by
graph theorists. Similarly for the edge matrix B; in our convention
B(e, f) = 1 if and only if r(e) = s(f). In the alternate convention,
Ble, f) = 1if and only if r(f) = s(e).

(6) In most of the literature — particularly in many of the seminal
papers on graph C*-algebras — our convention has been used. If one
is first learning the subject, or if one needs to refer to these papers
frequently, it is much easier to use this convention. Of course, one
can always argue that a person simply needs to “reverse the edges”
when reading these papers. But, this is often trickier than it sounds,
and the author (who tends to be right/left challenged himself at
times) wants to make the literature and its results as accessible as
possible to the non-expert.

Remark. While we use the conventions that our partial isometries go in a
direction opposite our edges, it is certainly true that for higher-rank graphs it
is useful to have the partial isometries go in the same direction as the edges.
This is because it is more natural categorically; in fact, in (2) above one
sees that edges in a path are “composed” in the same way as morphisms
— from right to left. However, despite the fact that ordinary graphs are
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rank 1 graphs, it does not seem that this is sufficient reason for using the
higher-rank graph convention in this setting. (Regardless of what those
working in higher rank graphs may tell you!) Because these categorical
considerations are less important in the rank 1 graph setting, and because
many of the advantages of using the higher rank convention disappear or
become marginal in this special case, it seems that in light of the reasons in
(1)—(6) above it makes sense to have separate conventions for higher rank
graphs and for ordinary directed graphs.

We now establish some notation and terminology that we shall use fre-
quently. A directed graph E = (E°, E',r, s) consists of a countable set E°
of vertices, a countable set E' of edges, and maps r, s : E* — EY identifying
the range and source of each edge. Since all our graphs will be directed, we
will often simply call a directed graph a “graph”. A vertex v € E? is called
a sink if |s~1(v)| = 0, and v is called an infinite emitter if |s~1(v)| = co. If
v is either a sink or an infinite emitter, then we call v a singular vertex. If
v i8 neither a sink nor an infinite emitter, then we say v is a reqular vertex.
A graph is said to be row-finite if it has no infinite emitters. (Note that
row-finite graphs are allowed to have sinks.)

If F is a graph we define a Cuntz-Krieger E-family to be a set of mutually
orthogonal projections {p, : v € E} and a set of partial isometries {s. : e €
E'} with orthogonal ranges which satisfy the Cuntz-Krieger relations:

(1) sgse = py(e) for every e € E'

(2) sest < ps(e) for every e € EY

(3) Pv = X ()= Sese for every v € GO with 0 < |s71(v)| < 0.
The graph C*-algebra C*(E) is defined to be the C*-algebra generated by
a universal Cuntz-Krieger F-family. We sometimes refer to the graph C*-
algebra as simply the graph algebra.

A path in E is a sequence of edges o = g ..., with 7(o;) = s(@y1)
for 1 < i < n, and we say that a has length |a] = n. We let E™ denote
the set of all paths of length n, and we let E* := | J;2, E™ denote the set of
finite paths in E. Note that vertices are considered paths of length zero. The
maps r and s extend to E*, and for v, w € G° we write v > w if there exists a
path a € E* with s(a) = v and r(«) = w. It is a consequence of the Cuntz-
Krieger relations that C*(E) = span{sqasj : a, 8 € E* and r(a) = r(8)}.

We say that a path a := a;...a, of length 1 or greater is a loop if
r(a) = s(a), and we call the vertex s(a) = r(«) the base point of the
loop. An ezit for a loop oy ...y, is an edge f € E' with the property that
s(f) = s(a;) but o # f from some ¢ € {1,...n}. We say that a graph
satisfies Condition (L) if every loop in the graph has an exit.

By an ideal in a C*-algebra A we will mean a closed, two-sided ideal in
A. If E is a graph, then by the universal property of C*(E) there exists a
gauge action v : T — Aut C*(E) with the property that 7.(p,) = p, and
v:(8¢) = z8e for all z € T. If v : T — Aut A is this gauge action, then we
say an ideal I in A is gauge-invariant if v,(a) € [ for all a € I and z € T.
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1. SIMPLICITY AND IDEAL STRUCTURE

In this section we shall use the uniqueness theorems to analyze the struc-
ture of ideals in a graph C*-algebra and give conditions for simplicity.

Theorem 1.1 (Gauge-Invariant Uniqueness Theorem). Let E = (EY, E', r, 5)
be a directed graph and let p : C*(E) — B be a x-homomorphism from C*(E)
into a C*-algebra B. Also let v denote the standard gauge action on C*(FE).
If there exists an action 3 : T — Aut B such that B, 0 p = po~, for each
z €T, and if p(p,) # 0 for all v € EY, then p is injective.

Note that the condition 5,0p = po~y, for each z € T is sometimes summarized
by saying that p is equivariant for the gauge actions § and +.

Theorem 1.2 (Cuntz-Krieger Uniqueness Theorem). Let E = (E°, E', 7, s)
be a directed graph satisfying Condition (L) and let p : C*(E) — B be a *-
homomorphism from C*(E) into a C*-algebra B. If p(py) # 0 for allv € E°,
then p is injective.

Although both of these uniqueness theorems hold for arbitrary graphs,
to simplify our analysis in this section we shall only consider C*-algebras
of row-finite graphs. We will discuss the general (non-row-finite) case in
Section 2

Our analysis in this section will proceed in the following stages:

e First, we will use the Gauge-Invariant Uniqueness Theorem to clas-
sify the gauge-invariant ideals of C*(F). This will consist of showing
the following three facts:

(1) The gauge-invariant ideals of C*(FE) correspond to saturated
hereditary subsets of vertices of E°.

(2) If Iy is the gauge-invariant ideal corresponding to the saturated
hereditary subset H, then Iy is Morita equivalent to the C*-
algebra of the subgraph of E whose vertices are H and whose
edges are the edges of ¥ whose source is a vertex in H.

(3) If Iy is the gauge-invariant ideal corresponding to the saturated
hereditary subset H, then the quotient C*(E) /I is isomorphic
to the C*-algebra of the subgraph of E whose vertices are E°\ H
and whose edges are the edges of E whose range is a vertex in
E°\ H.

e Next we shall derive a condition, called Condition (K), which is
equivalent to having all ideals of C*(E) be gauge-invariant. Our
classification of gauge-invariant ideals then gives a complete descrip-
tion of the ideals of a C*-algebra associated to a graph satisfying
Condition (K).

e Finally we shall obtain conditions for C*(E) to be simple. We will
give various equivalent forms for these conditions.

As we work to prove these facts we will use the following definitions.
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Definition 1.3. Let E = (E°,E',r,s) be a graph. A subset H C EY is
hereditary if for any e € E' we have s(e) € H implies 7(e) € H. A hereditary
subset H C E° is said to be saturated if whenever v € E° is a regular vertex
with {r(e) : e € E' and s(e) = v} C H, thenv € H. If H C E° is a
hereditary set, the saturation of H is the smallest saturated subset H of EY
containing H.

Roughly speaking, a subset of vertices is hereditary if no vertex in H
points outside of H. This set H is also saturated if whenever a regular
vertex points only into H then that vertex is in H.

Ezxample 1.4. In the graph

i

T z

the set X = {v,w,z} is hereditary but not saturated. However, the set
H = {v,w,y, z} is both saturated and hereditary. We see that X = H.

For any graph, the saturated hereditary subsets of vertices form a lattice
with the ordering given by set inclusion, the infimum given by H; A Hy :=
H, N Ha, and the supremum given by H; V Ho := H; U Ho.

Definition 1.5. For v,w € E° we write v > w if there exists a path a € E*
with s(a) = v and r(a) = w. In this case we say that v can reach w.

Note that of H is a hereditary subset and v > w with v € H, then w € H.

1.1. Classification of Gauge-Invariant Ideals. We wish to prove the
following theorem. Our approach will be similar to the proof of [2, Theo-
rem 4.1].

Theorem 1.6. Let E = (E°, E',r,s) be a row-finite graph. For each subset
H C E° let Iy denote the ideal in C*(E) generated by {p, :v € H}.

(a) The map H — Ig is an isomorphism from the lattice of saturated
hereditary subsets of E onto the lattice of gauge-invariant ideals of
C*(E).

(b) If H is a saturated hereditary subset of E°, and we let E\ H be
the subgraph of E whose vertices are E°\ H and whose edges are
EY\r=1(H), then C*(E) /Iy is canonically isomorphic to C*(E\ H).

(c) If X is any hereditary subset of EV, then Ix = Is. Furthermore, if
we let Ex denote the subgraph of E whose vertices are X and whose
edges are s~1(X), then C*(Ex) is canonically isomorphic to the sub-
algebra C*({se,py : € € s71(X) and v € X}), and this subalgebra is
a full corner of the ideal Ix.

Remark 1.7. Observe that in (b) the fact that H is hereditary implies that
if e € B\ 7~Y(H), then s(e) € E°\ H. Likewise in (c) the fact that X is
hereditary implies that if e € s~1(X), then r(e) € X.
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Ezxample 1.8. If F is the graph

Y
Y

[
N

-

N
G

then the saturated hereditary subsets of E are: 0, {v,w,z}, {u,v,w,z},
{v,w,z,y}, and E° = {u,v,w,z,y}. When these subsets are ordered by
inclusion we have the following lattice

EO

\
/

{u7 U? w7 x} {/U7w7a:‘7 y}

/
N\

w
0
and by Part (a) of Theorem 1.6 the lattice of gauge-invariant ideals in C*(E)
is

Ipo = C*(E)
/ \
Tt 00,2} Lty way}
\ /
Lo,y
Iy = {0}

Hence C*(E) has three proper nontrivial gauge-invariant ideals. If we let
H = {v,w,z}, then E\ H and Ep are the following graphs
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)

Eny
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O

p

N~y
/

and by Parts (b) and (c) of Theorem 1.6 we have C*(E) /Iy = C*(E\ H) =
Oy ® O9 and C*(Ey) is a full corner (and hence Morita equivalent) to Ig.

In addition, if we let X = {z}, then X is hereditary (but not saturated)
and X = H. We see that the graph Ex is

)

EX T

@)

Part (c) of Theorem 1.6 tells us that C*(Ex) = O is also a full corner of
the ideal Ix = I5; = Ig. Thus C*(Ep) and C*(Ex) are Morita equivalent.
However, the C*-algebras C*(Ey) and C*(Ex) are not isomorphic — with
a little bit of work one can show that C*(Ey) = M3(O3).

Before we can provide a proof of Theorem 1.6 we will need a few lemmas.

Lemma 1.9. Let E be a graph, and let I be an ideal in C*(E). Then
H :={v € E":p, € I} is a saturated hereditary subset of EV.

Proof. Suppose e € E' with s(e) € H. Then Ps(e) € I, and because I is
an ideal we have p,() = sse = sps(e)Se € I. Hence 7(e) € H and H is
hereditary.

Next suppose v € E¥ is a regular vertex and {r(e) : e € E! and s(e) =
v} € H. Then p..) € I for every e € s~ Y(v), and since I is an ideal
SeSg = SeDr(e)Se € I for every e € s71(v). Because v is a regular vertex we
have that p, = Zs( sesp € 1. Thus v € H and H is saturated. O

e)=v
Remark 1.10. Notice that in order to prove H is saturated in the above
lemma, we needed to have the relation p, = > s(e)=v s¢sy. This is why the

definition of saturated only requires that {r(e) : e € E' and s(e) = v} C H
implies v € H when v is a regular vertex.

Lemma 1.11. Let E be a graph, and let X be a hereditary subset of E°.
Then

(1.1) Iy =span{sasj : o, € E* and r(a) =r(B) € X}.

In particular, this implies that Ix = I5 and that Ix is gauge invariant.
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Proof. We first note that it follows from Lemma 1.9 that {v € EY:p, €Ix}
is a saturated set containing X, and thus containing X. Thus the right hand
side of (1.1) is contained in Ix. Furthermore, any non-zero product of the

form (sqasj)(sys5) collapses to a term of the form s,s;, and by examining

the various possibilities ¢ and v, and using the hereditary property of X we
deduce that the right hand side of (1.1) is an ideal. Since the right hand
side of (1.1) contains the generators of Ix, the equality in (1.1) holds. O

Lemma 1.12. Let E be a graph and let H be a saturated hereditary subset
of EV. If Iy is the ideal in C*(E) generated by {p, : v € H}, then {v € E°:
p’U S IH} — H.

Proof. We trivially have that v € H implies p, € Iy, so H C {v € E° :
pv € Ig}. For the reverse inclusion, choose a Cuntz-Krieger (E \ H)-family
{Se, P, :e€ (E\ H)',v € (E\ H)°} that generates C*(E \ H). We may
extend this to a Cuntz-Krieger E-family by setting P, = 0 when v € H and
Se = 0 when r(e) € H. To see that this is a Cuntz-Krieger E-family notice
that H hereditary implies the Cuntz-Krieger relations holds at vertices in
H, and H saturated implies there are no vertices in (E'\ H)? = E°\ H at
which a new Cuntz-Krieger relation is being imposed (in other words, all
sinks of E'\ H are sinks in F). The universal property of C*(E) then gives
a homomorphism p : C*(E) — C*({Se, P,}) which vanishes on Iy since it
kills all the generators {p, : v € H}. But p(p,) = P, # 0 for v ¢ H, so
v ¢ H implies p, ¢ Iyy. Thus {v € EY:p, € Iy} C H. a

Lemma 1.13. Let E be a graph and let X be any subset of E°. Then there
exists a projection px € M(C*(FE)) such that

« ) sasy ifs(a) € X
PX35=90 7 irs(a) ¢ X

Proof. If X is finite, then the projection px := > .x Py has the required
properties. Therefore, we need only consider the case when X is infinite. If
X is infinite list the elements of X as X = {vy,vq,...}. For each N € N let

pn =N Dy, Then
. sasg if s(a) = vy, for some n < N
PNSaSh = .
0 otherwise.

Thus for any a € span{s,sj : a,8 € E* and r(a) = r(8)}, the sequence
{pna}3_; is eventually constant. An e/3 argument then shows that {pna}F_,;
is Cauchy for every a € C*(E). Thus we may define p : A — A by
pla) = ]\;ilrlpra. Since

(b,p(a)) = b"pla) = Jim pya = lim (pyb)a = p(t)a = (p(b),a)

we see that the map p is an adjointable operator on the Hilbert C*-module
Ay with p* = p. Consequently we have defined a multiplier p of A [36,
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Theorem 2.47] satisfying the required equalities. Finally, we see that
2 . . . . . .
= p(1 =1 1 = lim(1 =1 =
p*(a) = p(limpya) = limpy (limpya) = lim(limparpya) = limpara = p(a)
so that p? = p, and p is a projection. O

We will now prove the various parts of Theorem 1.6. We will find it
convenient to first prove Part (b), and then to prove Part (a) and Part (c).

Proof of Theorem 1.6(b). Let H be a saturated hereditary subset of H. If
{8¢,p0 : € € EY v € EY} is a Cuntz-Krieger E-family generating C*(E), then
the collection {se + I,py + Iy :e € (E\ H)’,v € (E\ H)'} in C*(E)/Iy
is a Cuntz-Krieger (E \ H)-family. — The first two Cuntz-Krieger relations
are immediate. To see the third, notice that if e € E' with r(e) € H, then
Dr(e) € In and s, = SePr(e) € LH, 80 Se + g =0+ Iy and

Py + I = Z SGS: + Iy
{e€El:s(e)=v}

= Z (Se+IH)(Se+IH)*
{ee E\r—1(H):s(e)=v}

+ Z (Se+IH)<Se+IH)*
{eer—1(H):s(e)=v}

= > (Se + Ir)(se + In)™.
{e€(E\H)!:s(e)=v}
By the universal property of C*(E\ H) there is a homomorphism p : C*(E'\
H) — C*(E)/Ig taking the generators of C*(E \ H) canonically to the
elements of {se+ Iy, py+ 1y : e € (E\H)% v € (E\H)'}. Since Iy is gauge
invariant by Lemma 1.11, the gauge action on C*(F) descends to a gauge
action on C*(FE) /Iy, and by checking on generators it is straightforward to
verify that p is equivariant for the gauge actions on C*(E/H) and C*(E) /1.
Furthermore, since H is saturated and hereditary Lemma 1.12 implies that
py & Iy when v ¢ H, and thus p(p,) = p, + Iy # 0 when v € (E\ H)°,
It then follows from the Gauge-Invariant Uniqueness Theorem that p is
injective. In addition, we know that the elements of {p, + I, s + Iy :
v € E% e € E'} generate C*(E) /Iy, and because p, + Iy = 0 + Iy when
v € H and s¢ + Iy = 0+ Iy when r(e) € H, we have that the elements
{pv+1Ig,se+Ig:ve(E\H) ec (E\ H)} generate C*(E)/Iy. Thus p
is surjective, and an isomorphism. (I

Proof of Theorem 1.6(a). It follows from Lemma 1.11 that the mapping
H +— Iy maps from the lattice of saturated hereditary subsets of E° into
the lattice of gauge-invariant ideals of C*(E). We shall show that this
mapping is surjective. Let I be a gauge-invariant ideal in C*(FE), and set
H = {v e E°:p, € I}. Tt follows from Lemma 1.9 that H is saturated
and hereditary. Since Iy C I, we see that p, ¢ I implies p, ¢ Iy. Hence
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I and Iy contain exactly the same set of projections {p, : v € H}. Also,
because Iy C I we may define a quotient map ¢ : C*(E)/Ig — C*(E)/I
by q(a+ Ig) = a+ I. (Strictly speaking, ¢ is simply the quotient map from
C*(E)/Ig onto (C*(E)/Ig)/(I/I1r).) Theorem 1.6(b) implies that there is
a canonical isomorphism p : C*(E'\ H) — C*(E)/Iy. If we consider the
composition go p : C*(E\ H) — C*(E)/I, then because p is canonical, and
because I and I contain the same set of projections {p, : v € H}, it follows
that ¢q o p is nonzero on the generating projections of C*(E \ H). Further-
more, since [ is gauge invariant, the gauge action on C*(F) descends to a
gauge action on C*(E)/I and by checking on generators (and once again
using the fact that p is canonical) we can verify that ¢ o p is equivariant for
the gauge actions on C*(E\ H) and C*(FE)/I. The Gauge-Invariant Unique-
ness Theorem then implies that p o ¢ is injective. Therefore ¢ is injective,
and since ¢ : C*(E)/Ig — C*(E)/I is the quotient map, this implies that
I = Iy. Hence the mapping H — Iy is surjective.

Next we shall show that the map H — I is injective. If H and K are
saturated hereditary subsets with Iy = I, then {v € E¥:p, € Iy} = {v €
E°:p, € I} and Lemma 1.12 implies that H = K.

Finally, we need to show that the map H +— Iy is a lattice isomorphism.
Since H C K implies that Iy C Ix, we see that the map preserves the order
structure of the lattices. Because the map is also a bijection, this implies
that it is a lattice isomorphism. O

Proof of Theorem 1.6(c). Fix a hereditary subset X of F, and let px be the
projection in M(C*(FE)) defined in Lemma 1.13. The fact that Ix = I5
follows from Lemma 1.11. Furthermore, Lemma 1.11 implies that Ix =
span{sasj @ o, € E* and r(a) = r(f) € X}. Because X is hereditary,
the elements {s.,p, : e € s 1(X),v € X} forms a Cuntz-Krieger Ex-family.
(In particular, to get the third Cuntz-Krieger relation we use the fact that X
is hereditary to conclude that p,.() is in this set whenever py) is in the set.)
By the universal property of C*(Ex ) there exists a surjective homomorphism
p:C*(Ex) — C*({se,pv : € € s7HX),v € X}), and since the gauge action
on C*(E) restricts to a gauge action on C*({se,p, : € € s71(X),v € X}),
an application of the Gauge-Invariant Uniqueness Theorem shows that p is
an isomorphism.

Furthermore, since compression by the projection px is linear and con-
tinuous, and since X is hereditary, we have that

pxIxpx = W{pxsasgpx : a,f € E*and r(a) =r(8) € X}
=span{sss; @ o, B € £, s(a) € X,s(8) € X, and r(a) =7(8)}
= C*(Ex).

Finally, we see that the corner pxIxpx is full since {p, : v € X} generates
Ix. O
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1.2. Condition (K). In the previous section we described and analyzed the
structure of the gauge-invariant ideals in a graph algebra. However, typically
a graph algebra will have many ideals besides the gauge-invariant ones. In
this section we shall derive a condition on a graph, called Condition (K), that
will ensure all ideals in the associated C*-algebra are gauge invariant. Thus
for C*-algebras of row-finite graphs satisfying Condition (K), Theorem 1.6
gives a complete description of the ideals.

If F is a row-finite graph, and I is an arbitrary ideal in C*(E), then we
must ask: “What conditions on F would require that I be gauge invariant?”
Theorem 1.6(a) shows that any gauge-invariant ideal is of the form Iz, and
therefore is generated by the p,’s which it contains. So we are really trying
to show that given an ideal I we can recover it as [ = Iy for H = {v € E° :
py € I}.

This is reminiscent of what we had to do when we proved that the map
H — I is surjective in the first paragraph of the proof of Theorem 1.6(a).
There we created a map qop : C*(E\ H) — C*(E)/I, and used the Gauge-
Invariant Uniqueness Theorem to conclude that this map was injective and
I = I'y. But what if we do not know a priori that I is gauge invariant? We
can still create the map gop : C*(E\ H) — C*(E)/I, but we will not be able
to apply the Gauge-Invariant Uniqueness Theorem because we do not know
that C*(E)/I has the necessary gauge action. However, not all is lost —
we could instead apply our other uniqueness theorem: The Cuntz-Krieger
Uniqueness Theorem. We will not be able to do this in general, however;
in order to apply the Cuntz-Krieger Uniqueness Theorem we need to know
that the subgraph E \ H satisfies Condition (L).

This is exactly the condition we want to ensure that all ideals are gauge
invariant: For any saturated hereditary set E the subgraph E \ H satisfies
Condition (L). However, because this is not a condition that is easy to check
by quickly looking at a graph, we will give a different formulation of this
condition in terms of “simple loops”, and then prove the two notions are
equivalent.

Definition 1.14. A simple loop in a graph E is a loop a € E* with the
property that s(a;) # s(a1) for i € {2,3,...,|al}.

In particular, a simple loop is allowed to repeat vertices or edges as it
traverses through the graph, provided that it returns to the base point only
at the end of its journey and not before.

Definition 1.15. A graph FE is said to satisfy Condition (K) if no vertex in
FE is the base point of exactly one simple loop; that is, every vertex in E is
either the base point of no loops or of more than one simple loop.

Beware the subtleties of Condition (K)! It is not uncommon for someone
who first encounters this definition to think they understand Condition (K)
only to come across an example at a later time that causes confusion. For
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example, the graph

e
P IR
Ve ~w _)f
g

satisfies Condition (K) because eg and efg are two simple loops based at v,
and f and ge are two simple loops based at w. (There are, of course, many
other simple loops besides the ones we mentioned. For example, ef fg is also
a simple loop based at v.)

Likewise, the graph

satisfies Condition (K), because there are no loops based at x and every
other vertex is the base point of at least two simple loops.

Remark 1.16. Notice that Condition (K) implies Condition (L). To see this,
let E be a graph satisfying condition (K). If a is a loop in F, then v = s(«a)
is the base point of a loop, and hence there is at least one simple loop based
at v. But then o must have an exit, for otherwise there would be a unique
simple loop based at v.

Proposition 1.17. If E is a graph, then E satisfies Condition (K) if and
only if for every saturated hereditary subset H of E° the subgraph E\ H
satisfies Condition (L).

Proof. Suppose E satisfies Condition (K). If H is a saturated hereditary
subset of E°, and « is a loop in E'\ H, then v = s(a) is a vertex in E°\ H.
Since « is also a loop in F, there must exist a second loop § in E based
at v. Since s(f) ¢ H, and since H is hereditary, it follows that each of the

elements of {r(ﬂl)}lﬂl is an element of E°\ H. Thus the edges {51}@1 are
elements of (E\ H)! = E'\ r~1(H), and 3 is a loop in E \ H based at v.
Since there are two distinct loops in E'\ H based at v, it follows that « has
an exit in '\ H.

Conversely, suppose that E'\ H satisfies Condition (L) for every saturated
hereditary subset H of EY. Let v be a vertex, and let o be a simple loop
based at v. Define H := {w € E° : w # v}. It is straightforward to verify
that H is hereditary, and since v is on a loop H is also saturated. Because
the vertices on « can all reach v, o is a loop in E'\ H. By hypothesis « has
an exit e € (E\ H)!. Suppose that s(e) = s(ay) for some k € {1,2,...,|al}.
Since 7(e) € (E\ H)? = EY\ H, we have that r(e) ¢ H and r(e) > v. Thus
there exists a path p € E* with s(u) = r(e) and r(u) = v, and furthermore
we may choose the path p so that r(u;) # v for 1 < 4 < |u|. But then
B = ai...arpep is a simple loop based at v, which is distinct from «. In
addition, since the vertices on 3 can reach v, it follows that 3 is a loop in
E\ H. Hence E \ H satisfies Condition (K). O
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We shall now show that Condition (K) characterizes those row-finite
graphs having C*-algebras whose ideals are all gauge-invariant. To do this
we will first need a lemma showing that if £ is a graph containing a loop
with no exits, then C*(E) has an ideal that is not gauge invariant — in fact,
we will show there are many ideals in C*(E) that are not gauge invariant.

Lemma 1.18. If E is a row-finite graph containing a loop with no exits,
then C*(E) contains an uncountable number of ideals that are not gauge
invariant.

Proof. Let a be a loop in E that has no exits, and let X = {s(ai)}gl. Then
since a has no exits we see that for all i € {1,2,...,|a|} it is the case that
«; is the only edge whose source is s(a;) . Thus X is hereditary. If we let

px = Zli'l Ps(a;), then as shown in the proof of Theorem 1.6(c), we have
that C*(Ex) is canonically isomorphic to the full corner pxIxpx of the
ideal Ix. Since Ex is a simple loop on |« vertices, we have that C*(Ex) =
C(T, M, (C)) (see [34, Example 2.14] for details of this). Since Ex is a finite
graph, Theorem 1.6(c)] implies that the gauge-invariant ideals of C*(Ex ) are
in one-to-one correspondence with certain subsets of E%, and therefore the
number of gauge-invariant ideals of C*(EYy) is finite. However, C(T, M,,(C))
has uncountably many ideals (corresponding to the closed subsets of T) so
we may conclude that C*(Ex) has uncountably many ideals that are not
gauge invariant.

Because C*(EXx) is canonically isomorphic to pxIxpx, it follows that
pxIxpx has uncountably many ideals that are not gauge invariant. Fur-
thermore, since pxIxpx is a full corner of Ix, the Rieffel Correspondence
I — pxIpx is an isomorphism from the lattice of ideals of Ix onto the lat-
tice of ideals of px Ixpx (see [36, Theorem 3.22] and [36, Proposition 3.24]).
In addition, since v;(pxapx) = px7:(a)px for all a € A and for all z € T,
it follows that the isomorphism I — pxIpx takes gauge-invariant ideals to
gauge-invariant ideals. Because pxIxpx has uncountably many ideals that
are not gauge invariant, it follows that Ix has uncountably many ideals that
are not gauge invariant. But since any ideals of I'x are also ideals of C*(E)
(recall that if I is an ideal off a C*-algebra A, and if J is an ideal of I, then
J is an ideal of A), we may conclude that C*(F) has an uncountable number
of ideals that are not gauge invariant. O

Theorem 1.19. A row-finite graph E satisfies Condition (K) if and only if
all ideals of C*(E) are gauge invariant.

Proof. Suppose E satisfies Condition (K). If I is an ideal in C*(E), then we
may let H = {v € E°: p, € I} and proceed exactly as in the first paragraph
of the proof of Theorem 1.6(a)] to form the map gop : C*(E\H) — C*(E)/I,
which is nonzero on the projections of the generating Cuntz-Krieger (E\ H)-
family. By Proposition 1.17, the graph E \ H satisfies Condition (L), and
thus we may use the Cuntz-Krieger Uniqueness Theorem to conclude that
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q o p is injective. Hence the quotient map ¢ is injective and I = Iy. By
Lemma 1.11, the ideal [ is gauge invariant.

Conversely, suppose that E does not satisfy Condition (K). By Proposi-
tion 1.17 there exists a saturated hereditary subset H such that the graph
E '\ H does not satisfy Condition (L). It follows that £\ H contains a loop
without an exit, and therefore Lemma 1.18 implies that C*(E \ H) con-
tains an ideal that is not gauge invariant. If v denotes the gauge action on
C*(FE), then because [y is gauge invariant, v descends to a gauge action
v on C*(E)/Iy. Furthermore, since C*(E \ H) is canonically isomorphic
to C*(E)/Ig by Theorem 1.6(b), it follows that C*(E)/Ig contains an ideal
J that is not gauge invariant with respect to the gauge action v/#. Because
the quotient map ¢ : C*(E) — C*(E)/Iy has the property that go~y, = y/#
for all z € T (to see this simply verify the equality holds on generators) we
see that ¢~!(J) is an ideal in C*(E) that is not gauge invariant. O

Corollary 1.20. If E is a row-finite graph satisfying Condition (K), then
all ideals of C*(E) are gauge invariant, and the map H — Iy is a lattice

isomorphism from the saturated hereditary subsets of E° onto the ideals of
C*(E).

Ezample 1.21. Since the graph E of Example 1.8 satisfies Condition (K),
we see all of the ideals of C*(E) are gauge invariant and the lattice of ideals
obtained in Example 1.8 describes all the ideals of C*(E). In particular,
C*(F) has exactly three proper nontrivial ideals.

1.3. Simplicity of Graph Algebras. We shall now use our knowledge
of gauge-invariant ideals to provide a characterization of simplicity for C*-
algebras of row-finite graphs. The amazing thing about this result is that it
is a statement about all ideals — not simply the gauge-invariant ones.

Definition 1.22. We say that a graph E is cofinal if for every v € E° and
every infinite path o € E*°, there exists i € N for which v > s(a;).

In other words, E is cofinal if every vertex in E can reach every infinite path
in E.

Theorem 1.23. Let E be a row-finite graph. Then the following are equiv-
alent.
(1) C*(E) is simple
(2) E satisfies Condition (L), E is cofinal, and if v,w € E° with v a
sink, then w > v
(3) E satisfies Condition (K), E is cofinal, and if v,w € E° with v a
sink, then w > v
(4) E satisfies Condition (L) and E° has no saturated hereditary subsets
other than () and E°
(5) E satisfies Condition (K) and E° has no saturated hereditary subsets
other than 0 and E°
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Proof. (1) = (2) Suppose that E is simple. Since C*(E) does not contain
any ideals that are not gauge invariant, and by Lemma 1.18 E does not
contain a loop with no exits. Hence E satisfies Condition (L).

Next let a € E*° be an infinite path in E. Define

H:={ve E: v #s(q) for all i € N}.

It is straightforward to verify that H is saturated and hereditary. Because
C*(E) is simple, the only gauge-invariant ideal of C*(E) are {0} and C*(E),
and it follows from Theorem 1.6(a) that the only saturated hereditary sub-
sets of E° are () and E°. Since H is not equal to all of EY (the vertex
s(a1) ¢ H, for example), we must have that H = (). But then every vertex
in E° can reach the infinite path a.

Finally, let v € E° be a sink. If we let H := {w € EY : w # v}, then
one can verify that H is a saturated hereditary subset. As in the previous
paragraph we must have that H equals either () or E°. Since v ¢ H, we
must have H = (). But then every vertex in E can reach v.

(2) = (3) It suffices to show that under the hypotheses of (2), E satisfies
Condition (K). Let v be the base point of a simple loop «. Since E satisfies
Condition (L), it follows that a has an exit e, with s(e) = s(a;) from some
i€{1,2,...,|a|}. If we consider the infinite path aac ..., then because E
is cofinal we know that r(e) can reach this infinite path, and thus r(e) can
reach v. Let p be the shortest path with s(u) = r(e) and () = v. Then
Qi ...a4_1ep is a simple loop based at v that is distinct from «. Hence
there are two simple loops based at v, and since v was arbitrary, E satisfies
Condition (K).

(3) = (4) Since Condition (K) is a stronger condition than Condi-
tion (L), we have that E satisfies Condition (L). We shall suppose that
H is a saturated hereditary subset with H # () and H # EY, and arrive at
a contradiction. Choose v € E°\ H. Since H is nonempty and hereditary,
we know that there are vertices in H that cannot reach v. Thus, due to our
hypotheses, v is not a sink. Since F is row-finite and since H is saturated, it
must be the case that there is an edge e; € E! with s(e1) = v and r(e;) ¢ H.
Since r(e1) ¢ H we may repeat this argument to produce and edge ez € E*
with s(ea) = r(e1) and r(e2) ¢ H. Continuing in this fashion we produce an
infinite path ejeges ... with the property that r(e;) ¢ H for all i € N. But
since H is nonempty and hereditary, there are vertices in H that cannot
reach r(e;) for any ¢ € N. This contradicts the fact that E is cofinal. Hence
we may conclude that the only saturated hereditary subsets of E? are () and
EO.

(4) = (5) It suffices to show that under the hypotheses of (4), E satisfies
Condition (K). Let v be the base point of a simple loop «. Since E satisfies
Condition (L), it follows that a has an exit e, with s(e) = s(a;) from some
ie{1,2,...,|al}. If we let

H={weE":w#s(a) foralli=12,...,|al},



16 MARK TOMFORDE

then one can verify that H is a saturated hereditary subset. By hypothesis,
either H = () or H = E°. Since the vertex v ¢ H, we must have H = .
But then every vertex in E can reach the vertices on the loop «, and hence
every vertex can reach v. Let p be the shortest path with s(u) = r(e) and
r(u) =v. Then o ... a;—1ep is a simple loop based at v that is distinct from
«. Hence there are two simple loops based at v, and since v was arbitrary,
E satisfies Condition (K).

(5) = (1) If E satisfies Condition (K), then Theorem 1.19 implies that
every ideal of C*(F) is gauge invariant. The result then follows from Theo-
rem 1.6(a).

O

Corollary 1.24. If E is a row-finite graph with two or more sinks, then
C*(E) is not simple.

Proof. If v1 and vy are sinks in FE, then v; cannot reach ve. Thus the
hypotheses of (2) in Theorem 1.23 are not satisfied. O

Corollary 1.25. If E is a row-finite graph containing a sink, and if C*(E)
is simple, then E contains no loops and no infinite paths.

Proof. Let v be a sink in E. If « is a loop in F, then v cannot reach the
infinite path aaq .. ., which implies that F is not cofinal and the hypotheses
of (2) in Theorem 1.23 are not satisfied. Similarly, if av is an infinite path. 0O

As shown in the above corollary, simplicity of C*(FE) imposes restrictions
on the number of sinks and the presence of loops. In fact, more can be
said about simple C*-algebras of row-finite graphs: they are all either AF-
algebras or purely infinite algebras.

Remark 1.26. A C*-algebra is an AF-algebra (AF stands for approzimately
finite-dimensional) if it can be written as the closure of the increasing union
of finite-dimensional C*-algebras; or, equivalently, if it is the direct limit
of a sequence of finite-dimensional C*-algebras. It has been shown in [27,
Theorem 2.4] that if F is a row-finite graph, then C*(E) is AF if and only
if £ has no loops.

Remark 1.27. If A is a C*-algebra, we say that a C*-subalgebra B of A is a
hereditary subalgebra if bab’ € B for alla € A and b,b’ € B (or, equivalently,
if a € Ay and b € B, the inequality a < b implies a € B). Two projections
p and ¢ in a C*-algebra A are said to be equivalent if there exists u € A
such that p = uu* and ¢ = u*u, and a projection p is said to be infinite if it
is equivalent to a proper subprojection.

A simple C*-algebra A is purely infinite if every nonzero hereditary subal-
gebra of A contains an infinite projection. (The definition of purely infinite
for non-simple C*-algebra is more complicated, see [25].) It has been shown
in [2, Proposition 5.3] and [27, Theorem 3.9] that if F is a row-finite graph,
then every nonzero hereditary subalgebra of C*(E) contains an infinite pro-
jection if and only if E satisfies Condition (L) and every vertex in E connects
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to a loop. Combined with Theorem 1.23, this allows us to characterize purely
infinite simple C*-algebras of row-finite graphs.

In fact, we have the following dichotomy for simple C*-algebras of row-
finite graphs.

Proposition 1.28 (The Dichotomy for Simple Graph Algebras). Let E be
a row-finite graph. If C*(E) is simple, then either

(1) C*(E) is an AF-algebra if E contains no loops; or

(2) C*(E) is purely infinite if E contains a loop.

Proof. If E has no loops, the fact that C*(FE) is an AF-algebra follows
[27, Theorem 2.4]. On the other hand, if E contains a loop «, then since
C*(F) is simple we know from Theorem 1.23(2) that E is cofinal, and every
vertex in E can reach the infinite path aaa . ... Thus every vertex in E' can
reach a loop. Furthermore, Theorem 1.23(2) also tells us that F satisfies
Condition (L), and thus [2, Proposition 5.3] implies that C*(E) is purely
infinite. U

Remark 1.29. AF-algebras and purely infinite C*-algebras are very different.
An AF-algebra, being the direct limit of finite-dimensional C*-algebras, is
close to being a finite-dimensional C*-algebra, and as a result cannot contain
any infinite projections. On the other hand, purely infinite C*-algebras con-
tain an abundance of infinite projections — one in every nonzero hereditary
subalgebra — which shows that they are very far from being finite dimen-
sional C*-algebras. As the dichotomy for simple graph algebras shows, the
presence of loops in a graph E causes the associated C*-algebra C*(E) to
be spacious, in the sense that each loop results in the existence of infinite
projections C*(FE).

1.4. Concluding Remarks. With the results of this section was has a
very good understanding of the gauge-invariant ideals in the C*-algebra of
a row-finite graph, as well as simplicity of C*(E). However, one may ask:
What about general ideals? Can one describe the structure of all ideals of
C*(E), even when FE does not satisfy Condition (K)? This question has been
answered affirmatively by Hong and Szymaniski in [17].

One way of describing the ideals in a C*-algebra is in terms of primitive
ideals. An ideal is primitive if it is the kernel of an irreducible representation
(and, for separable C*-algebras, an ideal is primitive if and only if it is
prime). The set of primitive ideals in a C*-algebra A is denoted by Prim A,
and every ideal in A is the intersection of the primitive ideals containing it
[36, Proposition A.17]. Furthermore, for an ideal I of A, the set h(l) :=
{P € PrimA : I C P} are the closed sets of a topology on Prim A [36,
Proposition A.27], and Prim A endowed with this topology is called the
primitive ideal space of A. Thus if one can describe the set Prim A as well
as the topology on Prim A, one has a description of all ideals in A.

In [17] Hong and Szymanski have carried out this program for graph
algebras. They give a description of the primitive ideals in C*(E) in terms
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of maximal tails of vertices, and they also give a description of the topology
on the space Prim C*(F). (In fact they do this for arbitrary graphs, without
any assumption of row-finiteness!) As expected, this description is fairly
involved (even if one restricts to the row-finite case), so we will not attempt
to state it here.

2. C*-ALGEBRAS OF ARBITRARY GRAPHS

In the previous section we restricted our attention to row-finite graphs
to avoid complications that arise when infinite emitters are present. This
is fairly common in the subject, and when the theory of graph C*-algebras
was developed, theorems were often proven first in the row-finite case, and
later extended to the general setting.

The theory of C*-algebras of arbitrary graphs is significantly different
from the theory of C*-algebras of row-finite graphs. Although theorems for
row-finite graph algebras sometimes remain true when one removes the word
“row-finite” from their statements, it is not uncommon for new phenomena
to appear in the non-row-finite case that require substantially new descrip-
tions and theorems. More importantly, many of the proofs of theorems for
row-finite graph algebras rely heavily on the non-row-finite assumption so
that in the general setting entirely new methods and techniques must be
developed to prove results.

In this section we will describe a construction called “desingularization”
that allows one to bootstrap results from the row-finite case to the general
setting. If F is an arbitrary graph, then one can “desingularize” E to form a
row-finite graph F' with no sinks that has the property that C*(FE) is isomor-
phic to a full corner of C*(F'). This allows one to use Morita Equivalence
to study C*(F) in terms of C*(F).

In this section we will frequently draw graphs that have an infinite number
of edges between vertices. We will use the notation

(00)
v ——w
in our graphs to indicate that there are a countably infinite number of edges
from v to w.

In order to desingularize graphs, we will need to remove sinks and infinite

emitters.

Definition 2.1. If E is a graph and vy is a sink in F, then by adding a tail
at vg we mean attaching a graph of the form

Vo U1 V2 U3

to E at vp.

Definition 2.2. If E is a graph and vg is an infinite emitter in E, then by
adding a tail at vop we mean performing the following process: We first list
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the edges g1, 92,93, ... of s7!(vg). Then we add a graph of the form

e e e €4
Vo v V2 2 U3

to E at vg, remove the edges in s~ 1(vp), and for every g; € s~ '(vg) we
draw an edge f; from v;_1 to r(g;). We will find it convenient to use the
following notation: For any g; € s~!(vg) we let at denote the path ap} :=
erez...ej_1f; in F.

Definition 2.3. If E is a graph, then a desingularization of E is a graph F
formed by adding a tail to every sink and infinite emitter of E.

Remark 2.4. We speak of “a” desingularization because the process of adding
a tail to an infinite emitter is not unique; it depends on the ordering of the
edges in s7!(vg). Thus there may be different graphs F that are desingular-
izations of E. In addition, one can see that a desingularization of a graph
is always row-finite and has no sinks.

Example 2.5. Here is an example of a graph E and a desingularization F' of

E.

el €2 €3
E v F Vo V1 V2

fo /' f3
l(oo) fll T

w w
& O

Ezxample 2.6. Suppose E is the following graph:

Let us label the edges from vy to zp as {g4, 95,96, - -.}. Then a desingular-
ization of F is given by the following graph F.

w o e ) I3

€1 €2 €3 €4 €5
) v ) ) v e
0——=U1 2 3 4
fo fa 5
fe
Yy 20 Z1 22 Z3 ce
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Ezample 2.7. If E is the Oy graph shown here, then a desingularization is
given by the graph F'

E v F C 0 V1 V2 VU3 ()

@)

l&//
(o0)

The following fact is what will allow us to use desingularization to extend
results for row-finite graph algebras to the general setting.

Theorem 2.8. Let E be a graph. If F is a desingularization of E and
pgo 18 the projection in M (C*(F')) described in Lemma 1.13, then C*(E) is
isomorphic to the corner ppoC*(F)pgo, and this corner is full.

Proof. Let {sc,p, : ¢ € F',v € F°} be a Cuntz-Krieger F-family that
generates C*(F).
For any z € T we see that

{sc:ec Fland r(e) ¢ E°Y U{zs.:e € F! and r(e) € E°} U {p, : v € F}

is a Cuntz-Krieger F-family, and thus induces a homomorphism 3, : C*(F) —
C*(F) with (.(py) = py and

s if (e 0
ﬂz(se>_{e frie) ¢ E

zs. ifr(e) € EV.

Furthermore, 3z is an inverse for 3., so 8, € Aut C*(F'), and we have defined
a gauge action 3 : T — Aut C*(F).
For v € E° we define g, := py, and for e € E' we define

; Sac ., if s(e) is an infinite emitter
< Se if s(e) is not an infinite emitter

where ai(e) is the path in F' described in Definition 2.2. It is straightforward

to verify that {te,q, : € € E',v € E°} is a Cuntz-Krieger E-family (recall
that if vg is an infinite emitter in F, then the third Cuntz-Krieger relation
does not impose any requirements on q,,). Thus, by the universal property
of C*(F), there exists a homomorphism p : C*(F) — C*(F) taking the
generating partial isometries to the ¢.’s and the generating projections to
the q,’s.

Let v denote the standard gauge action on C*(E). Since the only edge of
the path ag(e) = e1...ej_1f; whose range is in E° is fj we see that
ﬁz(sa:(e)) = B2(Sey - Se;_15f;) = Sey -+ Se;_1(25f;) = 28ey -+ Se;_15f; = Z8ag -
Thus (3, o p and p o7, agree on the generators of C*(E), and consequently
B.0p=po~,. Since q, # 0 for all v € E°, the Gauge-Invariant Uniqueness
Theorem tells us that p is injective. Thus p is an isomorphism onto im p =
C*({te,qu : e € EY,v € E'}).
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We see that ppoq, = pgopy = py for allv € E°. Furthermore, when e € E*
with s(e) not an infinite emitter we have pgote = pgose = S¢ = te, and when

e € B! with s(e) an infinite emitter we have pgot. = PEOSac, | = Sac, . = te.

() ()

Thus im p is contained the corner ppoC*(F)pgo.
Conversely, since a — proapgo is continuous and linear

ppoC* (F)ppo = span{pgosassppo : o, B € F*,r(a) =r(B)}
= span{sasy o, B € F*,r(a) =7(8),s(a) € E° r(a) € E°}.

Any path « in F whose source is in E° may be written as a1 . .. ageies . . . en,
where each q; is either an edge in E' or a path of the form ay(e)¢ for e € E1,
and where e; ... e, is a path along a tail. Thus to show that ppoC*(F)pgo is
contained in im p it suffices to show that s, e, sg, ., is contained in im p.
We shall show this by induction on n. If n = 0, then se¢, ¢, ¢, .. = Ds(e) €
im p. Assume that se, e, s, .. € imp. Then there are two edges, e,41 and
fj» whose source is 7(e,). Hence py(c,) = Se,418¢,., + 51 S?j, and
361.-.6n+15:1...en+1 = Sey...en (pr(en) —Sf; 8*}]-)821...% = 561-..en521...en - Sa‘g(e)SZi(e)
which is in im p. Thus pgoC*(F)pgo = im p.

Finally, to see that proC*(F)pgo is full, suppose I is an ideal containing
this corner. Then p, € proC*(F)pgo C I when v € E°. When v € FY\ E°,
then v = r(e; ...e,) for some path e; ...e, on an added tail. Thus s¢, ¢, =
DPs(er)Ser.en € I, and pr(ey = 8% . ey, € 1. Since {p, : v € FO} C I, and
F' is row-finite, it follows from Theorem 1.6(a) that I is all of C*(F). O

The advantage of the process of desingularization is that it is very con-
crete, and it allows us to use the row-finite graph F' to see how the properties
of C*(FE) are reflected in the graph E. We will see examples of this in the fol-
lowing proofs, as we show how to extend results for C*-algebras of row-finite
graphs to general graph algebras.

Theorem 2.9. Let E be a graph. The graph algebra C*(E) is an AF-algebra
if and only if E has no loops.

Proof. Let F' be a desingularization of E. Since F is row-finite, it follows
from [27, Theorem 2.4] that C*(F') is an AF-algebra if and only if F* has no
loops. It follows from [9, Theorem 9.4] that Morita equivalence preserves
AF-ness for separable C*-algebra. Thus C*(E) is an AF-algebra if and only
if F' has no loops. Since E has no loops if and only if F' has no loops, the
result follows. O

Theorem 2.10. Let E be a graph. If E satisfies Condition (L) and every
vertex in & connects to a loop in E, then there exists an infinite projection
in every nonzero hereditary subalgebra of C*(E).

Proof. Let F' be a desingularization of E. We see that if E satisfies Condi-
tion (L), then F' satisfies Condition (L). Also, if every vertex in E connects
to a loop in E, then every vertex in F' connects to a loop in F. It then
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follows from [2, Proposition 5.3] that there exists an infinite projection in
every nonzero hereditary subalgebra of C*(F'). Since this is a property that
is preserved by passing to corners, there exists an infinite projection in every
nonzero hereditary subalgebra of C*(E). O

Remark 2.11. The corollary of Theorem 2.10 is also true; the proof of [27,
Theorem 3.9] works for arbitrary graphs.

In each of the above theorems we have seen that we have the same de-
scriptions as in the row-finite case, and basically each of the theorems for
row-finite graph algebras remains true when we remove the term “row-
finite” from the theorem’s statement. Next we characterize simplicity for
C*-algebras of arbitrary graphs. In this situation we shall see that there are
new phenomena occurring, which will require a description different from
that in the row-finite case.

The following theorem generalizes the characterization given in Theo-
rem 1.23(2).

Theorem 2.12. If E is a graph, then C*(E) is simple if and only if E has
the following four properties:
(1) E satisfies Condition (L),
(2) E is cofinal,
(3) if v,w € E° with v a sink, then w > v, and
(4) if v,w € E° with v an infinite emitter, then w > v.

Proof. Let F be a desingularization of F. Since simplicity is preserved by
Morita equivalence, C*(FE) is simple if and only if C*(F) is simple. But
since F' is row-finite with no sinks, Theorem 1.23(2) implies that C*(F) is
simple if and only if F' satisfies Condition (L) and F' is cofinal. We see that
F satisfies Condition (L) if and only if E satisfies Condition (L), giving (1).
Also, we see that the infinite paths of F' are of two types: either they come
from infinite paths in E or they are paths that go along the tails added in
forming the desingularization. Thus F is cofinal if and only if every vertex
w in F can reach every infinite path in E, which occurs if and only if every
vertex w in F' can reach every infinite path in F, every sink in F, and every
infinite emitter in F; this gives (2), (3), and (4). O

Definition 2.13. We say that a graph E is transitive if for every v,w € EY
it is the case that v > w and w > v.

Corollary 2.14. If E is a graph in which every vertex is an infinite emitter,
then C*(E) is simple if and only if E is transitive.

Using our characterization of simplicity, we can now show that the di-
chotomy for simple graph algebras holds even when the graph is not row-
finite.

Proposition 2.15 (The Dichotomy for Simple Graph Algebras). Let E be
a graph. If C*(F) is simple, then either
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(1) C*(FE) is an AF-algebra if E contains no loops; or
(2) C*(E) is purely infinite if E contains a loop.

Proof. If E has no loops, the fact that C*(F) is an AF-algebra follows
Theorem 2.9. On the other hand, if E' contains a loop «, then since C*(E) is
simple we know from Theorem 2.12 that FE is cofinal, and every vertex in E
can reach the infinite path cccr . ... Thus every vertex in F can reach a loop.
Furthermore, Theorem 2.12 also tells us that E satisfies Condition (L), and
thus Theorem 2.10 implies that C*(F) is purely infinite. O

Finally, we shall use the process of desingularization to analyze the ideal
structure of C*-algebras corresponding to graphs satisfying Condition (K).
This will be more involved than our prior applications of desingularization,
and we shall see that that structure of ideals in C*(E) will require more
than just the saturated hereditary subsets of E as it does in the row-finite
case.

We first need to identify the saturated hereditary subsets of F' in terms
of E. Recall that if E is a directed graph, then a set H C E° is hereditary
if whenever e € E' with s(e) € H, then r(e) € H. A hereditary set H is
called saturated if every vertex that is not a sink or infinite emitter and that
feeds only into H is itself in H; that is, if

v not a sink or infinite emitter, and {r(e) | s(e) = v} C H implies v € H.

Let E be a graph that satisfies Condition (K). When E is row-finite The-
orem 1.6(a) and Theorem 1.19 show that the saturated hereditary subsets
of E correspond to the ideals of C*(E) via the map H — Iy, where Iy
is the ideal generated by {p, : v € H}. When F is not row-finite, this is
not the case. For an arbitrary graph E, one can check that H +— Iy is
still injective, just as shown in the proof of Theorem 1.6(a). However, it is
no longer true that this map is surjective; that is, there may exist ideals in
C*(E) that are not of the form Iy for some saturated hereditary set H. The
reason the proof for row-finite graphs no longer works is that if I is an ideal,
then {s. + I,p, + I} will not necessarily be a Cuntz-Krieger E \ H-family
for the graph F \ H defined in Theorem 1.6(a). (And, consequently, it is
sometimes not true that C*(F)/Iy = C*(E \ H).) To describe an ideal in
C*(E) we will need a saturated hereditary subset and one other piece of
information. Loosely speaking, this additional piece of information tells us
how close {s. + I,p, + I} is to being a Cuntz-Krieger E \ H-family.

Definition 2.16. Given a saturated hereditary subset H C E°, we define the
breaking vertices of H to be the set

By = {v € E° : v is an infinite-emitter and 0 < |s~*(v) N7~ Y(E"\ H)| < co}.

We see that By is the set of infinite-emitters that point to a finite (and
nonzero) number of vertices not in H. Also, since H is hereditary, By is
disjoint from H.
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Now fix a saturated hereditary subset H of E and let S be any subset of
Bp. Let {se,py} be the canonical generating Cuntz-Krieger E-family and
define

I(g,s) = the ideal in C*(E) generated by {p, : v € H} U {pg tvg € S},
where pg is the gap projection defined by
Pl i=pu — > Sest
s(e)=vq
r(e)¢ H
Note that the definition of By ensures that the sum on the right is finite.

Definition 2.17. Let E be a graph. We say that (H, S) is an admissible pair
for E if H is a saturated hereditary subset of vertices of ' and S C By. For

a fixed graph E we order the collection of admissible pairs for £ by defining
(H,S) < (H',S")ifand only if H C H and S C H' U S".

Example 2.18. Let E be the graph

(c0) (c0)
V— W —

£

Then the saturated hereditary subsets of E are E°, {w,z,y}, {x,y}, {z},
{y}, and 0. Also By, = {w}, and By = {) for all other saturated hereditary
H in E. Thus the admissible pairs of F are:

(E°0), {w, 2,9}, 0), {z,5},0), ({z}, {w}), ({z},0), ({y},0), (0. 0)

and these admissible pairs are ordered in the following way.

(E°,0)

({w,z,y},0)

T

({z,y},0) ({z}, {w})

T

({y},0) ({x},0)

\/

(0,0)

We shall show that the correspondence (H,S) — Iy ) is an inclusion-
preserving bijection. To do this we will first describe a correspondence
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between admissible pairs in £ and saturated hereditary subsets of vertices
in a desingularization of E.

Definition 2.19. Suppose that E is a graph and let F' be a desingular-
ization of E. Also let (H,S) be an admissible pair for E. We define a
saturated hereditary subset Hg C F° as follows. We first define H :=
H U {v, € F° : v, is on a tail added to a vertex in H}. Now for each
vo € S let Ny, be the smallest nonnegative integer such that r(f;) € H
for all j > Ny,. (The number N,, exists since vg € Bpy implies that
there must be a vertex on the tail added to vg beyond which each subse-
quent vertex points only to the next vertex on the tail and into H.) Define
Ty = {vn : vy, is on the tail added to vy and n > N,,,} and define

Hg:=HU | J Ty,
voES

Note that for vg € By we have vg ¢ Hg. Furthermore, the tail attached
to vg will eventually be inside Hg if and only if vy € S. It is easy to check
that Hg is hereditary, and choosing N,, to be minimal ensures that Hg is
saturated.

Ezample 2.20. Let E be the graph shown in Example 2.6. If we let H = {2},
then H is saturated hereditary and By = {vo}. Suppose S = {vg}. Then
H = {70,21,22,...} and Ny, = 3, so T,,, = {v3,v4,v5,...}, and Hg =
{Zo, Zlye++5U3,Uq4,y.. }

In a similar manner we can see that Hy = {20, 21, 22, ...}

Lemma 2.21. Let E be a graph and let F' be a desingularization of E.
The map (H,S) — Hg is an order-preserving bijection from the lattice of
admissible pairs of E onto the lattice of saturated hereditary subsets of F'.

Proof. Let K be a saturated hereditary subset of F. Define

Sk :={vy € Bgnpgo : past a certain point all vertices on the tail
added to vy are in the set K}.

One can easily check that the map K — (K N E°, Sk) is an inverse for the
map (H,S) — Hg, and that the map (H,S) — Hg is inclusion preserving.
U

To analyze the ideals of C*(FE) we will make use of the Rieffel correspon-
dence. Whenever two C*-algebra A and B are Morita equivalent, there is
a lattice isomorphism between the lattice of ideals of A and the lattice of
ideals of B. When one of these C*-algebras is a full corner of the other, this
correspondence takes the following form:

Lemma 2.22. Suppose A is a C*-algebra, p is a projection in the multiplier
algebra M (A), and pAp is a full corner of A. Then the map I — plp is
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an order-preserving bijection from the ideals of A to the ideals of pAp; its
inverse takes an ideal J in pAp to

AJA :=span{aba’ : a,a’ € A and b € J}.
Proof. Suppose [ is an ideal in A. The continuity of a — pap shows that
plp is closed in pAp, and (pAp)(pIp)(pAp) = p(Ap)I(pA)p C plp shows
that pIp is an ideal in pAp. Furthermore,
A(pIp)A = Ap(ATA)pA = ApATApA = ATA = 1.
Conversely, if J is an ideal in pAp, then
pAJAp = pAJ Ap = pA(pAp)J (pAp) Ap = (pAp)J (pAp) = J.

The above two paragraphs show that the maps under discussion are in-
verses of each other. It is also clear that these maps preserve ordering by
inclusion. U

Proposition 2.23. Let E be a graph and let F' be a desingularization of E.
Let ppo be the projection in M (C*(F) described in Lemma 1.13, and identify
C*(E) with pgoC*(F)pgo as described in Theorem 2.8. If H is a saturated
hereditary subset of E° and S C By, then then ppolp pro = I s)-

Proof. Let {s¢,py : ¢ € F',v € FY} be a generating Cuntz-Krieger F-family.
As shown in the proof of Theorem 2.8, the set {t,q, : e € E',v € E°}, where
Gv := Py and

. Sac ., if s(e) is an infinite emitter
‘ Se if s(e) is not an infinite emitter

is a Cuntz-Krieger E-family that generates a C*-subalgebra of C*(F') iso-
morphic to C*(E), and furthermore, this C*-subalgebra is equal to the cor-
ner of C*(F) determined by pgo.
It follows from Lemma 1.11 that
Iy =span{sass : o, B € F* and r(a) = r(B)}.
Thus

ProlHgPRo

= Span{pposassppo : a, B € F* and r(a) = r(B) € Hs}

= Span{s,sj: a, € F*,s(a) € EY s(a) € E°, and r(a) = r(3) € Hg}
If sos}; is an element of this ideal with r(a) = 7(8) € H, then sqs} is of the
form ¢t} for p,v € E* with 7(u) = r(v) € H, and hence sqsj € I(,5). On
the other hand, if 5,57 is an element of this ideal with r(a) = r(8) € Ty, for
some vy € S, then sasfg is of the form ¢,s¢,. ¢, s t; for p,v € E* with
r(u) = r(v) = vo. But then

*
el...ex

* * *
SasSg = tu361...6k5e1...ektu

_ . * * *
- t//'861~-~ek—1(pvk—1 kasfk)selmek—lt’/
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*
=tuSeq...ep_ 1531 e lt — tuSey..ep_1fiS e1 en_1frty

k
= tutgty L
j=1
=tulw — D tot)ti— D tugthg

s(g)=vg r(9;)€H
r(g)¢H i<k
quo Z tﬂgj ng;
r(g;)€EH
i<k

S I(H,S)

Hence we have shown that pgolpgppo C Iy s)-

To verify the reverse inclusion we shall show that the generators {q, : v €
H}u {qg g € S} of I ) are in ppolygppo. Clearly for v € H we have
Qv = Pv = PpopuvPEo € PpolHgpEo, so all that remains to show is that for
every vg € S we have q{}; € ppolagppo.

Let vg € S and n := N,,. Then

* *
p'UO = 861 861 + Sfl Sfl
_ * *
= Se1PuiSe, T SIS
_ * * * *
- Sel (862862 + SfQSfQ)Sel + Sflsfl

_ * * *
= SereaPvaSeres T Se1faSerfo T SASH

- 861---671861. + tg] gj

Now since r(ey,) = v, € Hg we see that p,,, € Iy, and hence s, = s¢, Dy, €

Iyg. Consequently, se,. .e,55, . € Img. Similarly, whenever r(g;) € H,

then ty.t7 € Inyg. Now, by definition, every g; with r(g;) ¢ H has j <n.
Therefore the above equation shows us that

q Z th g;j

s(g5)=vo
r(9;)¢H

= Pvg — Z tgj gj

s(g5)=vo
r(g;)¢H

z : tgj gJ+851 ensel...en

r(g9;)€EH
j<n
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which is an element of Iy, by the previous paragraph. Hence Iy, C Iy 5.
O

Theorem 2.24. Let E be a graph that satisfies Condition (K). Then the
map (H,S) — Igg) is an inclusion-preserving bijection from admissible
pairs for E onto the ideals of C*(E).

Proof. Let F be a desingularization of E. First, it follows from Lemma 2.21
that the map (H,S) — Hg is an order-preserving bijection from the admis-
sible pairs of E onto the saturated hereditary subsets of F'. Second, since
the loops in E are in one-to-one correspondence with the loops in F', we
see that I satisfies Condition (K); because F' is row-finite, it follows from
Theorem 1.6 and Theorem 1.19 that the map H +— [ is an order-preserving
bijection from the saturated hereditary subsets of F' onto the ideal of C*(F).
Third, we see from Theorem 2.8 and Lemma 2.22 that the map I — pgolpgo
is an order-preserving bijection from the ideals of C*(F') onto the ideals of

C*(E).
Composing these three maps gives (H,S) — pgolnspgo, and the result
then follows from Proposition 2.23. ([

Remark 2.25. When E does not satisfy Condition (K), the ideals I 3 gy are
precisely the gauge-invariant ideals in C*(E) [1, Theorem 3.6]. In addition,
although we have spoken of the collection of admissible pairs as being an
ordered set, it is also a lattice and the map (H,S) — Iiy,s) is a lattice
isomorphism. This lattice structure is described in [7, §3], but because it is
somewhat complicated we left it out of our discussion to avoid non-insightful
technicalities.

Furthermore, we have already discussed how the quotient C*(E)/I g s)
is not necessarily isomorphic to C*(E \ H) because the collection {s. +
Im,s):Po + I(m,s)} may fail to satisfy the third Cuntz-Krieger relation at
breaking vertices for . However, one can show that C*(E)/I g is iso-
morphic to C*(Fp,s), where Fy g is the graph defined by

FI(}’S = (EO\H)U{v' : v € By\S}
F}{’S ={ecE':r(e)¢ HYU{c :e € E',r(e) € By\S}

and r and s are extended by s(¢/) = s(e) and r(e’) = r(e)’. (One can see
that 'y g is formed by outsplitting E'\ F at the the breaking vertices not in
S, and this adds a sink to E'\ H for each vertex in By \ S.) A construction
of this isomorphism can be found in [1, Corollary 3.5]. One can also see that
when S = By, we have Fyg = E'\ H. So if H is a saturated hereditary
subset of F, then C*(E)/I (g p,) = C*(E\ H).

We conclude this section by mentioning that desingularization has also
been used to generalize many other results for row-finite graph algebras to
general graph algebras: In [7, Corollary 2.12] desingularization was used to
extend the Cuntz-Krieger Uniqueness Theorem, in [7, §4] desingularization
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was used to extend the description of Prim C*(F) when E satisfies Condi-
tion (K), in [8] desingularization was used to extend the computations of
K-theory and Ext for C*(F), and in [11] desingularization was used to ex-
tend characterizations of liminal and Type I graph algebras to the general
setting.

As with any construction, it is good to understand not only the uses of
desingularization, but also its limitations. If we look at the proof of Theo-
rem 2.8 we see that C*(FE) is isomorphic to a full corner of C*(F). However,
this isomorphism is not equivariant for the gauge actions on C*(E) and
C*(F) — in fact, in order to apply the Gauge-Invariant Uniqueness The-
orem in the proof of Theorem 2.8, we had to create a new gauge action (8
on C*(F). One of the consequences of this fact is that there is no obvi-
ous way to use desingularization to extend the Gauge-Invariant Uniqueness
Theorem for row-finite graph algebras to general graph algebras. Currently,
all known proofs of the Gauge-Invariant Uniqueness Theorem for arbitrary
graphs either prove the result directly or use approximations by subalgebras
that are isomorphic to C*-algebras of finite graphs (see [35, §1] and [1, The-
orem 2.1]. However, if it is possible, it might be interesting to have a proof
of the Gauge-Invariant Uniqueness Theorem that uses desingularization.

3. K-THEORY OF GRAPH ALGEBRAS

In K-theory one associates to each C*-algebra A two abelian groups
Ky(A) and K;(A). These groups reflect a great deal of the structure of
A, and they have a number of remarkable properties. Unfortunately, the
subject of K-theory can be rather technical (in fact entire books [47, 37]
have been written with the goal of giving the reader a mere introduction
to the subject). Therefore in this section we will give a brief description of
K-theory, survey the K-theory computations that have been accomplished
for graph algebras, and discuss how classification theorems for C*-algebras
can be applied to graph algebras.

Definition 3.1. If A is a unital C*-algebra, the group Ky(A) is formed as
follows: For each natural number n we let Proj M,,(A) be the set of projec-
tions in M,,(A). By identifying p € Proj M,,(A) with the projection p @0 in
Proj M,,+1(A) formed by adding a row and column of zeros to the bottom
and right of p, we may view Proj M,,(A) as a subset of Proj M,,11(A). With
this identification we let Proj,(A) = (J,—, Proj M, (A). We define an equiv-
alence relation on Proj, (A) by saying p ~ ¢ if there exists u € Proj,,(A)
with p = wu* and ¢ = u*u. We let [p|p denote the equivalence class of
p € Proj(A). We define an addition on these equivalence classes by set-

ting [plo + [¢lo equal to [(8 2)}0. With this operation of addition, the

equivalence classes of Proj,(A) are an abelian semigroup. We define Ky (A)
to be the Grothendieck group of this semigroup; that is, Ky(A) is the abelian
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group of formal differences
Ko(A) :={[plo — ldlo : p,q € Proj,,(A)}
with ([plo — [glo) + ([¢'lo — [¢']0) == ([plo + [P']0) — ([alo + []0)-

Definition 3.2. The group K;(A) is defined using the groups U(M,(A)) of
unitary elements in M, (A). We embed U(M,(A)) into U(M,+1(A)) by
u— u @1, where u @ 1 is the matrix formed by adding a 1 to the bottom
right-hand corner and zeroes elsewhere in the right column and bottom row.
We then let Us(A) := U2, U(M,(A)). We define an equivalence relation
on Us(A) as follows: If u € Up,(A) and v € Uy (A), we write u ~ v if there
exists a natural number k > max{m,n} such that (6‘ 1k(in) is homotopic to

(8 1k0 ) in Uk(A) (i.e., there exists a continuous map h : [0,1] — Ug(A)

—m

such that h(0) = (§ 4 0 ) and h(1) = (§ 1,0 ). We denote the equivalence

k—n —m

class of u € Ux(A) by [u];. We define K;(A) to be

Ki(A) :={[u]; : u € Ux(A)}

with addition given by [u]; + [v]; = [(49)];. It is true (but not obvious)

that K7(A) is an abelian group.

The K-groups Ky(A) and K;(A) can also be defined when A is nonunital.
We refer the reader to [47] and [37] for these definitions as well as for details
of the definitions in the unital case.

Remark 3.3. If ¢ : A — B is a homomorphism between C*-algebras, then
¢ induces homomorphisms ¢, : My, (A) — M,(B) by ¢((ai;)) = (¢(aij))-
Since the ¢,’s map projections to projections and unitaries to unitaries, they
induce homomorphisms Ky(¢) : Ko(A) — Ko(B) and Ki(¢) : K1(A) —
K1(B). This process is functorial: the identity homomorphism induces the
identity map on K-groups, and K;(¢po1)) = K;(¢)o K;(¢) for i = 1,2. Thus
Ky and K7 are functors from the category of C*-algebras to the category of
abelian groups.

Remark 3.4. An ordered abelian group (G,G4+) is an abelian group G to-
gether with a distinguished subset G4 C G satisfying

(1) G4+ G+ € Gy, (i) GoN(=Gy) ={0}, (iii) G4 — G+ =G.

We call G4 the positive cone of G, and it allows us to define an ordering on
G by setting g1 < g9 if and only if g0 — g1 € G+.
If Ais a C*-algebra, and we set

Ko(A)4 == {[plo : p € Proj(A)},
then (Ko(A), Ko(A)4) satisfies condition (i) above, but will not necessarily
satisfy (i7) and (7i7). However, if A is an AF-algebra, then (Ky(A), Ko(A)4)
does satisfy conditions (i7) and (ii7) and (Ky(A), Ko(A)4+) is an ordered
abelian group. (More generally, if A has an approximate unit consisting of
projections, then (Ky(A), Ko(A)y) satisfies condition (iii), and ifA is also
stably finite then (Ky(A), Ko(A)4) satisfies condition (ii).)
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We shall often have to consider isomorphisms from the K-groups of a C*-
algebra to abelian groups, and frequently we will want these isomorphisms
to preserve the ordering or take an element in the K-group to a distinguished
element in the group. Therefore we establish the following notation.

Definition 3.5. Let A be a C*-algebra, and let G be an abelian group and
g € G. If p € Ais a projection, then we write (Ko(A), [plo) = (G,g) if
there is an isomorphism « : K¢(4) — G with a([plo) = ¢g. f G4 C G is
a positive cone of G, then we write (Ko(A), Ko(A4)+) = (G,G4) if there
is an isomorphism « : Ky(A) — G with o(Ky(A4)+) = G4, and we write
(Ko(A), Ko(A)+, [plo) = (G,G4, g) if there is an isomorphism a : Ky(A) —
G with a(Ky(A)+) = G4 and a([plo) = g.

Remark 3.6. If E is a graph and v € E is a vertex that is neither a sink
nor an infinite emitter, then p, = - ), ses¢, and in Ko(C*(E)) we have

Podo=| D sesi| = Y [sestlo= D [sisclo= > [preo-

s(e)=v o sle)=v s(e)=v s(e)=v

Theorem 3.9 says, among other things, that Ky(C*(FE)) is generated by the
collection {[py]o : v € EY} and that this collection is subject only to the
above relations.

3.1. Computing K-theory. For our K-theory computation we will as-
sociate a matrix to a directed graph that will summarize the relations in
Remark 3.6.

Definition 3.7. Let E = (E°, E',r, s) be a row-finite directed graph with no
sinks. The vertez matriz of E is the (possibly infinite) EY x EY matrix Ap
whose entries are the non-zero integers

Ap(v,w) = #{e € B : s(e) = v and r(e) = w}.

Remark 3.8. Let E be a row-finite graph and let @ o Z denote the direct
sum of copies of Z indexed by E° (i.e. sequences of integers that only have
a finite number of nonzero terms). If E is row-finite, then each row of
the matrix Ap contains a finite number of nonzero entries (in fact, this is
where the term row-finite come from!), and each column of the transpose A’;
contains a finite number of nonzero entries. Therefore, we have a map A% :
D0 Z — @poZ defined by left multiplication. (The column-finiteness of
AL, ensures that ALz € @po Z for each 2 € @po Z.) If {se,py e € EL,v €
E%} is a Cuntz-Krieger E-family generating C*(E), and if we identify each
[py]o with the element &, € @ o Z containing a 1 in the v'" position and 0’s
elsewhere, then the relation in Remark 3.6 may be summarized as saying
(A%, — I)8, is equivalent to 0 for all v € E°.

We are now in a position to describe how to compute the K-theory of
the C*-algebra of a row-finite graph with no sinks. This computation was
first done in [35, Theorem 3.2]. The computation and its proof have also
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been discussed in [34, Chapter 7]. (In both cases sinks were allowed in the
graphs, but for the sake of simplicity we state the result here for row-finite
graphs without sinks.

Theorem 3.9 (K-theory for Graph Algebras: The Row-Finite, No Sinks
Case). Let E = (E°, E',r,s) be a row-finite graph with no sinks. If Ag is
the vertex matriz of E, and AL, —1I : @ o Z — @ po Z by left multiplication,
then

Ko(C*(E)) = coker(Al, —I)
via an isomorphism taking [pyo to [6,] for each v € E°, and

K1(C*(E)) = ker(Ay — I).

Theorem 3.9 shows that to calculate the K-theory of C*(E) for a row-
finite graph E with no sinks, we simply have to write down the matrix
Al — I, and then calculate the cokernel and kernel of A%, — I. When E has
a finite number of vertices, this can be done very easily.

Remark 3.10 (Computing the Kernel and Cokernel of a Finite Matrix). Let
A be an m X n matrix with integer entries, and consider A : Z" — Z™ by
left multiplication. By performing elementary row and column operations
to A, we may obtain an m X n matrix whose only nonzero entries are on the
diagonal and of the form

dq e 0
_ dk
D= 0
0o .- o0
where di,...,dy are nonzero integers with £ < min{m,n}. Warning: Re-

member that since we are viewing A as a map from the Z-module Z" into
the Z-module Z™, the allowed elementary row (resp. column) operations
are: (1) adding an integer multiple of one row (resp. column) to another
row (resp. column), (2) interchanging any two rows (resp. columns), (3)
multiplying an row (resp. column) by the unit 1 or the unit —1.

Since performing row operations to a matrix corresponds to postcom-
posing A with an automorphism on Z™ and performing column operations
corresponds to precomposing A with an automorphism on Z™, we see that
performing row and column operations will not change the isomorphism
class of coker A or ker A. Hence

coketr A= Z/d\Z& ... L]dyvZLDLS ... 7L
e’
m—k

and
kerAZZ®... DZL.
———

n—k
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Ezxample 3.11. Let E be the graph

Then F is row-finite with no sinks, and the vertex matrix of this graph is

300 220
Ap = ((2) ! 2) and A%, — I = <8 0 g) One can perform elementary row and

column operations on A%, — I to obtain (§) % §>, and therefore
Ko(C*"(G)=Z/2Z.7/37 & Z and K (C*(@)) 2 Z.

When a graph has an infinite number of vertices, the matrix A% —1I will be
infinite, so we cannot use the method described in Remark 3.10 to calculate
the kernel and cokernel. However, in many situations, it is still possible to
deduce what these groups are, as the following example shows.

Example 3.12. Let E be the graph

()

U1 V2 V3 o

U

Then F is row-finite with no sinks, and the vertex matrix of this graph is

2000 11 00
1000 . 0-110
Ap=1[0100 and A, —I=|[00 -11 . We see that an element

2

1
( ) € @;°, Z is in the kernel of A%, — I if an only if the equations

r1+x9=0, x9—23=0, x3—24=0,
are satisfied. Since the x;’s are eventually zero this implies that x1 = 2o =

Y1
... =0. Thus K1(C*(E)) = ker(A%, — I) = 0. In addition, if 7 = <yz> c

@D;2, Z, then from some n we have y; = 0 for i > n, and we see that
—Y2—-Yn
—Y3—--—Yn

= : € @2, Z. Since (Al, — I)T = § we see that AL, — I is
i
0

surjective, and Ko(C*(E)) = coker(Al, — I) = 0.

Having seen how to calculate K-theory in the case of a row-finite graph
with no sinks, we now turn our attention to arbitrary graphs. In [39,
Proposition 2] the K-theory computation for graph algebras was extended
to non-row-finite graphs with a finite number of vertices. Additionally, in
[8, Theorem 3.1] desingularization was used to extend Theorem 3.9 to all
non-row-finite graphs. We present this result here.
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Theorem 3.13 (K-theory for Graph Algebras: The General Case). Let
E = (E°,E',r,s) be a graph. Also let J be the set vertices of E that are
either sinks or infinite emitters, and let I := E\J. Then with respect to
the decomposition E° = I U J the vertex matriz of E will have the form

B C
4e=(C %)
where B and C have entries in Z and the *’s have entries in Z U {oo}. If

t_
we let (Bct I) P, Z - P, 2D, 7 by left multiplication, then

Ko(C*(E)) 2 coker <Bc - I)

via an isomorphism taking [py)o to [0,] for each v € E°, and

K1 (C*(E)) = ker (B;_t I> .

t_
Note that for a graph with a finite number of vertices, the matrix (B ot I>

will be finite and the method described in Remark 3.10 can be used to cal-
culate the K-theory.

Example 3.14. Let E be the graph
[0

—w
T(OO)
Yy

(o0)

0110
Then z and y are infinite emitters, and Ap = <8 § 909 ), sothat B= (1)
10 B'—1 70 3 N Z .
and C = (). Thus ( ct > = < é §> : Z° — Z*. By performing ele-
10
mentary row and column operations to this matrix we obtain <8 8>. Thus
00
t_ t_
Ko(C*(E)) = coker <Bc«t I) =~ 73 and K1(C*(E)) = ker <BCt I) = 7.

Remark 3.15 (The K-groups of graph algebras). Suppose that E is a graph.

The calculation of K-theory described in Theorem 3.13 has the following
implications.

e For any graph E, the group Ki(C*(E)) is free. This follows from the

t_

fact that @, Z is a free group, and K;(C*(E)) = ker BCt I

subgroup of this free group, and therefore also free. Remarkably, this

is the only restriction on the K-theory; in fact, Szymanski has shown

is a
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in [40] that if Gy and G are countably generated abelian groups with
(G4 free, then there exists a row-finite, transitive graph E such that
Ky(C*(F)) 2 Gg and K1(C*(F)) 2 G1. (Warning: In some of the
graph algebra literature the word free has been mistakenly replaced
by torsion-free. Recall that while these two notions are the same for
finitely generated abelian groups, for countably generated abelian
groups the free groups are a proper class of the torsion-free groups;
for example, the additive group Q is a countably generated abelian
group that is torsion-free but not free.)

o If E is a finite graph with no sinks, then all the K -theory information
of C*(E) is contained in Ko(C*(E)). In particular, the following
hold:

(1) the K-groups of C*(G) are finitely generated

(2) K1(C*(@Q)) is a free group

(3) Ko(C*(G)) =T & K1(C*(@G)) for some finite torsion group T
Consequently, if E; and Ep are finite graphs, then Ko(C*(E;)) =
K()(C*(EQ)) implies that Kl(C*(El)) = Kl(C*(EQ))

e If E is a graph that has a finite number of vertices (but possibly an
infinite number of edges), then rank Ko(C*(E)) > rank K;(C*(E)).
The reason for this is that Theorem 3.13 gives the short exact se-
quence:

0 — K1(C*Q) — 2! — 2l a7/ — Ko(C*(G)) — 0
and since I and J are finite we have rank Ko(C*(G)) > rank K1 (C*(Q)).

o If E is a graph in which every vertex is either a sink or an infinite
emitter, then Ko(C*(E)) = @goZ and K;(C*(E)) = 0. This is
because the set I described in Theorem 3.13 is empty so @; Z = 0.

In addition to the vertex matrix, one may also use the edge matrix to
calculate the K-theory of a graph algebra.

Definition 3.16. Let E = (EY, E',r, s) be a row-finite directed graph with
no sinks. The edge matriz of E is the (possibly infinite) E! x E' matrix Bg
whose entries are

1 ifr(e) = s(f)

0 otherwise.

Bg(e, f) = {

Note that if E is row-finite, then any row of Bp will have at most a
finite number of nonzero entries. Thus we have a well-defined map Bl — I :
D1 Z — @ g1 Z given by left multiplication.

Proposition 3.17. If E is a row-finite graph with no sinks, and we let AL, —
I @®pZ— PpoZ and By — I : @i Z — P p1 Z by left multiplication,
then

coker(Al; — I) = coker(Bl —I)  and  ker(Al — I) = ker(BY — 1).
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Proof. Let S denote the E° x E! matrix defined by
1 if =
S(u,¢) = { if s(e) =v

0 otherwise.

Also let R denote the E' x E° matrix defined by
1 if =

Rie,v) = if r(e) . v

0 otherwise.

Then we see that
SR=Ar and RS = Bg
and
(3.1) R'S'= A%, and S'R' =B,
We define a map from coker(A%, — I) — coker(BY, —I) by z+im(Al, — 1) —
Stz + im(BY — I). This is well-defined because if z + im(A} — 1) = y +
im(AY%, — I), then x —y = (A% — I)z for some z and
Sty — Sty = S'(x —y) = SY(AL — Iz = (BLS' — SY)z = (B' — I)S'»
so Stz +im(BL — I) = S'y + im(BY% — I). In a similar manner we may
define a map from coker(BY% — I) — coker(Al, — I) by z + im(BY — I) —
R'z+im(A%, —I). We see that these maps are inverses of each other because
R'S'z +im(AY — I) = Az +im(AY — 1)
=[x+ (A% — Da] +im(Ay — I) = z + im(AY — 1)
and
S'R'z +im(BY, — I) = BLa + im(B%, — 1)
=[x+ (BY — a] +im(BY% — I) = 2 + im(B% — I).
Thus coker(AY, — I) = coker(BY, — I).
In addition, we may define a map from ker(A%, — I) to ker(BL — I) by

z +— S'z. We see that this map takes values in ker(BY — I), because if
x € ker(A" — I) then

(B, — I)S'x = (S' AL, — Yz = S (AL — Iz = 0.

Similarly, we may define a map from ker(B%,—1I) to ker(A%,—1) by z — R'z.
We see that these maps are inverses of each other because if = € ker(A% —1I),
then

R'S'z=Ahz =2+ (A —DNr ==z
and if x € ker(BY, — I), then

S'R'z = Bhx =2 + (B — Iz = 2.
Thus ker(AY, — I) 2 ker(BY, — I). O

The above proposition together with Theorem 3.9 gives the following.
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Proposition 3.18. Let E = (E°, E',r,s) be a row-finite graph with no
sinks. If B is the edge matriz of E, and By — I : @ Z — @1 Z by left
multiplication, then

Ko(C*(E)) = coker(BY — 1)
via an isomorphism taking [pvlo to 3 g, [0e] for each v € E°, and
K1(C*(E)) = ker(B% — I).

Remark 3.19. Theorem 3.9 and Proposition 3.18 show that when F is a
row-finite graph with no sinks, then to calculate the K-theory of C*(E) we
may use either the vertex matrix Ag or the edge matrix Bg. In certain
situations, one of these matrices may be easier to use than the following:
The edge matrix has the advantage that all its entries are in {0, 1} and this
simplifies row and column operations. However, the edge matrix has the
disadvantage that it is typically much larger than the vertex matrix.

Remark 3.20. In addition to computing the isomorphism classes of the K-
groups of a graph algebra, one often wants to compute the ordering on
Ko(C*(E)). When E is a row-finite graph (possibly with sinks) it follows
from [45, Lemma 2.1] that if F is row-finite (but possibly has sinks), then
the isomorphism described in Theorem 3.13 takes Ko(C*(E))4+ to {[z] : z €
t_
@D, Na @, N}, where [z] denotes the class of  in coker ct g I E s
not row-finite, then [45, Theorem 2.2] shows that the isomorphism described
t_
in Theorem 3.13 takes Ky(C*(FE))4+ onto the semigroup of coker <BCt I)
generated by the set

{[6,] : v € E°} U {[d,] — Z[ér(e)} : v is an infinite emitter and S
e€sS
is a finite subset of s71(v)}.

Remark 3.21. We conclude by commenting that Ext, the dual theory for
K-theory, has also been computed for C*-algebras of graph satisfying Con-
dition (L). This was done for row-finite graph algebras in [42, Theorem 5.16]
and arbitrary graph algebras in [8, Theorem 3.1]. Specifically, if Ap = (8 <)
is the decomposition described in Theorem 3.13, then (B -1 C) : [[,;Z ®
[1,Z — [1;Z defines a mapping by left multiplication and Ext(C*(E)) =
coker(B — I C'). (Note that the domain and codomain of this map involve

direct products rather than direct sums.)

3.2. Classification Theorems. One wants to calculate the K-theory of a
C*-algebra because it provides an invariant. K-theory can always be used to
tell if two C*-algebras are different: If two C*-algebras have non-isomorphic
K-theory, for example, then those C*-algebras are not Morita equivalent
(and hence also not isomorphic). More importantly, in certain situations
K-theory can be used to tell when C*-algebras are the same.
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Elliott has conjectured that all nuclear C*-algebras can be classified by
K-theoretic information, which is now called the Elliott invariant. (For a
general nuclear C*-algebra the Elliott invariant involves K-theoretic infor-
mation beyond the Ky and K groups that we have not discussed. However,
for the classes of C*-algebras we consider, the invariant will only involve the
ordered Ky-group and the Kj-group.) The Elliott conjecture has been veri-
fied in a number of special cases, including AF-algebras and certain simple
purely infinite C*-algebras. Using these results we shall describe how all
simple graph algebras are classified by their K-theory, and we shall give an
algorithm for determining whether two simple graph algebras are isomorphic
and whether they are Morita equivalent.

3.2.1. AF-algebras. If A is an AF-algebra, then K;(A) = 0. Hence all the
K-theoretic information of A is contained in the group Ky(A). The AF-
algebras were one of the first class of C*-algebras to be classified by K-
theory, and this was done by Elliott in the 1970’s [10]. It was this success
that inspired Elliott to conjecture that wider classes of C*-algebras can be
classified by K-theoretic information.

The following theorem appears in most books on operator algebra K-
theory; see, for instance, [47, Theorem 12.1.3].

Theorem 3.22 (Elliott’s Theorem). Let A and B be AF-algebras. Then A
and B are Morita equivalent if and only if (Ko(A), Ko(A)+) = (Ko(B), Ko(B)+).
That is, the ordered Ky-group is a complete Morita equivalence invariant for
AF-algebras.

If A and B are both unital, then A and B are isomorphic if and only
if (Ko(A),Ko(A)+,[1lalo) = (Ko(B),Ko(B)+,[1BJo). That is, the ordered
Ko-group together with the position of the unit is a complete isomorphism
invariant for AF-algebras.

Remark 3.23. If E is a graph with no loops, then as described in Re-
mark 1.26, C*(FE) is an AF-algebra. Using Theorem 3.13 and Remark 3.20,
we can calculate (Ko(C*(E)), Ko(C*(E))+) and determine the Morita equiv-
alence class of C*(E).

Remark 3.24. Although Theorem 3.22 only talks of the Morita equivalence
class of nonunital AF-algebras, the isomorphism class of a nonunital AF-
algebra is also determined by K-theoretic information. As described in
[47, Theorem 12.1.3] if A is an AF-algebra, then the scaled ordered group
(Ko(A), Ko(A)4, D(A)) is a complete isomorphism invariant of A. We have
not discussed the scale D(A) := {[plo : p € Proj(A)} of the Ky-group
because the author does not know of an easy way to calculate it for graph
algebras, and so it does not fit easily into our current discussion. However,
when A is unital, the scale D(A) may be replaced by the position of the
class of the unit in the K, as described in our statement of Theorem 3.22.

3.2.2. Kirchberg-Phillips Algebras. In addition to AF-algebras, certain sim-
ple purely infinite C*-algebras have been classified by their K-theory. This
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result is known as the Kirchberg-Phillips Classification Theorem, and was
proven independently by Kirchberg and Phillips using different methods.
Phillips’ result appears in [32]. Kirchberg’s version is not yet published,
but a preliminary account, including proofs of his “Geneva Theorems” and

partial proofs of his version of the classification theorem, was circulated in
1994.

Theorem 3.25. Let A and B be purely infinite, simple, separable, nuclear
C*-algebras that satisfy the Universal Coefficients Theorem.

(1) If A and B are both unital, then A is isomorphic to B if and only if
(Ko(A), [14]o) = (Ko(B), [15]o) and Ky(A) = K (B).

(2) If A and B are nonunital, then A is isomorphic to B if and only if
Ky(A) = Ko(B) and K1(A) = K,(B).

Remark 3.26. Let K denote the compact operators on a separable infinite-
dimensional Hilbert space. We say that a C*-algebra is stable if AQIC = A.
For any C*-algebra, we see that A ® K will be stable because K ® I = K.
We call A ® K the stabilization of A. The stabilization of a C*-algebra is
always nonunital, and both pure infiniteness and AF-ness are preserved by
stabilization. In addition, Ko(A ® K) = Ky(A) and K1(A® K) = K1(A).

The Brown-Green-Rieffel Theorem asserts that two separable C*-algebras
A and B are Morita equivalent if and only if A ® K = B ® K. Furthermore,
Zhang’s dichotomy [48] says that all separable, nonunital purely infinite
C*-algebras are stable, and thus all separable, nonunital purely infinite C*-
algebras are Morita Equivalent if and only if they are isomorphic.

Using these facts, the Kirchberg-Phillips Classification Theorem gives the
following.

Corollary 3.27. Let A and B be purely infinite, simple, separable, nuclear
C*-algebras that satisfy the Universal Coefficients Theorem. Then three
cases camn Occur.

CASE 1: A AND B ARE BOTH UNITAL.

Then A and B are isomorphic if and only if (Ko(A), [1alo) = (Ko(B),[18]o)
and K1(A) =2 K1(B). In addition, A and B are Morita equivalent if and only
if Ko(A) =2 Ko(B) and K1(A) =2 K1(B), and in this case AQ K= B® K.
CASE 2: A AND B ARE BOTH NONUNITAL.

Then A and B are isomorphic if and only if Ko(A) = Ko(B) and K1(A) =
K1(B). In addition, A and B are Morita equivalent if and only if A and B
are isomorphic.

CASE 3: ONE OF A AND B IS NONUNITAL AND THE OTHER IS UNITAL.

Suppose A is nonunital and B is unital. Then A and B are not isomor-
phic, and A and B are Morita equivalent if and only if Ko(A) = Ko(B) and
K,(A) =2 K1(B), in which case A~ B® K.

3.2.3. Graph Algebras. To apply these classifications to graph algebras, we
first consider when a graph algebra will satisfy the hypotheses of Theo-
rem 3.25. To begin, we see that all graph algebras are separable since they
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are generated by the countable collection {s.,p, : e € E',v € E°}. In ad-
dition, it is shown in [26, Proposition 2.6] that for any directed graph E
the crossed product C*(F) x, T is an AF-algebra. (The proof in [26] is for
row-finite graphs, but it should hold for arbitrary graphs as well.) Therefore
from the Takesaki-Takai duality theorem (see [31, Theorem 7.9.3]) one has

C*(E) @ K(L*(T)) = (C*(E) X T) x4 Z

and hence C*(F) is stably isomorphic to the crossed product of an AF-
algebra by Z. It then follows from [4, Corollary 3.2] and [5, Proposition 6.8]
that C*(FE) is nuclear, and it follows from [38, Theorem 1.17] and [3, Chap-
ter 23] that C*(FE) satisfies the UCT. Hence the Kirchberg-Phillips Classifi-
cation Theorem applies to any purely infinite simple graph algebra.
Moreover, if £ = (E° E',r,s) is a graph, then C*(E) is unital if and
only if E is finite. When EY is finite, one can easily check that the Cuntz-
Krieger relations imply that 1 = ) _pop, is a unit for C*(E). Note that

the isomorphisms in Theorem 3.9 and Theorem 3.13 take [1]o to the element
1

1
1 in the appropriate cokernel.

Since the dichotomy for simple graph algebras given in Proposition 2.15
implies that all simple graph algebras are either AF or purely infinite (de-
pending on whether or not the graph has a loop), we may use Theorem 3.22,
Theorem 3.25, and Corollary 3.27 to classify simple graph algebras. We
summarize the implications of these results here.

Theorem 3.28 (Classification of Simple Graph Algebras). Let E and F
be graphs, and suppose that C*(E) and C*(F') are simple (characterized for
row-finite graphs in Theorem 1.23 and for arbitrary graphs in Theorem 2.12).
Then there are three possible cases.

CASE 1: BoTH F AND F HAVE NO LOOPS.

Then C*(E) and C*(F) are AF, and C*(E) and C*(F') are Morita equiv-
alent if and only if (Ko(C*(E)), Ko(C*(E))+) 2 (Ko(C*(F)), Ko(C*(F))s),
in which case C*(E) @ K = C*(F) ® K.

Furthermore, if A and B are unital, then C*(E) = C*(F) if and only if
(Ko(C*(E)), Ko(C*(E))+, [1c=(m)lo) = (Ko(C*(F)), Ko(C*(F))+, [Lo=(r)o)-

CASE 2: BOTH E/ AND F' EACH HAVE AT LEAST ONE LOOP.
Then C*(E) and C*(F) are purely infinite and there are three subcases.

(i) If E° and F° are both finite, then C*(E) = C*(F) if and only if
(EKo(C*(E)), [1c=(m)lo) = (Ko(C*(F)), 1o+ (mo) and Ki(C*(E)) =
K (C*(F)). Furthermore, C*(E) and C*(F') are Morita equivalent if
and only if Ko(C*(E)) = Ko(C*(F)) and K1(C*(E)) = Ky(C*(F)),
in which case C*(E) @ K = C*(F) ® K.
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(i) If E° and F° are both infinite, then C*(E) = C*(F) if and only
if Ko(C*(E)) 2 Ko(C*(F)) and K1(C*(E)) & K1(C*(F)). In ad-
dition, C*(E) and C*(F) are isomorphic if and only if C*(E) and
C*(F) are Morita equivalent.

(iii) If one of E° and F° is infinite and the other is finite (let us say E° is
infinite and FV is finite), then C*(E) and C*(F) are not isomorphic.
In addition C*(E) and C*(F) are Morita equivalent if and only if
Ko(C*(E)) &2 Ko(C*(F)) and K1(C*(E)) 2 K1(C*(F)) in which
case C*(E) =2 C*(F)® K.

CASE 3: ONE OF E AND F' HAS AT LEAST ONE LOOP AND THE OTHER HAS
NO LOOPS.

Then one of C*(E) and C*(F) is purely infinite while the other is an AF-
algebra. Hence C*(E) and C*(F) are not Morita equivalent (and therefore
also not isomorphic).

Remark 3.29. Notice that in Case 1 we did not give sufficient conditions for
C*(E) and C*(F) to be isomorphic when C*(E) and C*(F’) are nonunital.
This is the only case missing from the above theorem, and if we were able
to describe the scale of the Ky-group of a graph algebra, then as described
in Remark 3.24 we would have a complete description.

When calculating the K-theory of a unital graph algebra C*(FE), we need
t

to calculate the kernel and cokernel of the finite matrix <B C_t I) P, Z—
D, Z®P;Z, but in addition, we need to keep track of the position of the
1

1
unit 1

Remark 3.30 (Computing the Position of the Unit). This remark is a follow-
up to Remark 3.10. If A is an m X n matrix and A : Z" — Z™ by left
multiplication, then as described in Remark 3.10 we may perform elementary
row and column operations on A to form a matrix D whose only nonzero
entries dip,...,d; are on the diagonal. Since performing elementary row
operations (resp. column operations) corresponds to multiplying A on the
left (resp. right) by an elementary matrix, by keeping track of the row and
column operations, we may write M AN = D for some invertible matrices
M and N. Since M and N are invertible, we see that ker A = ker D =
Z&...&7Z. We also see that coker A = cokerD = Z/d\Z & ... Z/dyZ &
n—k

Z @ ...® 7Z and that this isomorphism takes the class x +im A € coker A to
N—_———

m—k

the class M 'z +1im D € coker D.
We now consider some examples which make use of Theorem 3.28.

Example 3.31. Let E and F be the following graphs.
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E f\q F f‘(v’“
D \UJ
Then C*(E) and C*(F') are simple and purely infinite, and the graphs fall
into Case 2(i) of Theorem 3.28. We see that Ap = (4), and
AL —T=(3):Z— 7.

Thus we have (Ko(C*(F)), [Lo=(mlo) = (Z3,[1]) and K1(C*(E)) = 0.
31 ' (2 1Y\ .9 9
1 3> and Ay — I = 1 9 1 2% — Z*. We shall

now reduce this matrix to a diagonal matrix, keeping track of the row and
column operations that we use.

Furthermore, Ap =

2 1 2 1 .
<1 2) ~ (_3 O) (—2 times Row 1 added to Row 2)

~ (_03 (1)> (—2 times Column 2 added to Column 1)

~ (03 (1)> (Exchange Row 1 and Row 2)

~ (g (1)> (—1 times Column 1)

Since row operations correspond to multiplying on the left by the associ-
ated elementary matrices, and column operations correspond to multiplying
on the right by the associated elementary matrices, we have

£OC LI 6 -6
o= 1 (2 9= o= (4 (3 )
(¢ i D)

Thus we see that coker(A% — I) & Z3 & 0 and since M~ = (? ;) we

have

o (et - (e - ()om ()

Thus (K()(C*(E)), [10*(E)]0) = (Zg,[ ]) and Kl(C*(E)) =0.
It follows that C*(E) = C*(F).
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Remark 3.32. Notice that although we were able to determine that C*(E) =
C*(F) in Example 3.31, we have no idea what the isomorphism is (since the
Kirchberg-Phillips Classification Theorem only tells us of the existence of the
isomorphism between C*-algebras). It would be interesting, and possibly dif-
ficult, to show how in situations such as this one can exhibit a Cuntz-Krieger
E-family in C*(F), so that the isomorphism may be described explicitly.

Ezample 3.33. Let E be the graph in Example 3.12, and let F' be the graph

Cvo
Then C*(E) and C*(F') are simple and purely infinite, and the graphs fall
into Case 2(iii) of Theorem 3.28. We see that Ar = (2), and

AL —T=(1):7— 7.

Thus we have Ko(C*(F)) = 0 and K1(C*(F)) = 0. Since it was shown
in Example 3.12 that Ko(C*(F)) = 0 and K;(C*(E)) = 0, we have that
C*(FY2C*(E)®K.

Moreover, since we know that C*(F) is the Cuntz algebra O2, we have
that C*(F) = Oz ® K so that C*(F') is the stabilization of Os.

We conclude this section by discussing which AF-algebras and which
Kirchberg-Phillips algebras arise as graph algebras.

It was shown in [6] and [46] that every AF-algebra is Morita equivalent
to a graph algebra. In addition, it is known that there are AF-algebras that
are not isomorphic to any graph algebra.

With regards to the Kirchberg-Phillips algebras, Szymanski has proven
the following in [40, Theorem 1.2].

Theorem 3.34. Let Gy and Gy be countable abelian groups with G free. If
g € Go, then there is a row-finite, transitive graph E with an infinite number
of vertices, and a verter v € E° such that (Ko(C*(E)), [pv]o) = (Go, g) and
K, (C*(F)) =2 G;.

The proof of Szymanski’s theorem is very concrete, and in fact he de-
scribes how to construct the graph E from (Gy,g) and G;. Also, note that
if F is a row-finite, transitive graph with an infinite number of vertices, then
C*(E) is simple, purely infinite, and nonunital.

The Kirchberg-Phillips Classification Theorem then gives the following
two corollaries.

Corollary 3.35. Let A be a purely infinite, simple, separable, nonunital, nu-
clear C*-algebra that satisfies the Universal Coefficient Theorem. If K1(A)
is free, then A is isomorphic to the C*-algebra of a row-finite, transitive
graph.

Corollary 3.36. Let A be a purely infinite, simple, separable, unital, nuclear
C*-algebra that satisfies the Universal Coefficient Theorem. If Ki(A) is
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free, then A is isomorphic to a full corner of the C*-algebra of a row-finite,
transitive graph.

Proof. Choose a row-finite, transitive graph E and a vertex v such that
(Ko(C*(E)), [pv]o) = (Ko(A),[Lla]o) and K;(C*(E)) = K;i(A). If we con-
sider the corner p,C*(E)py, then since C*(E) is simple, we see that this cor-
ner is full. Hence p,C*(E)p, is Morita equivalent to C*(E), and p,C*(E)p,
is purely infinite, simple, separable, nuclear, and satisfies the Universal Co-
efficient Theorem. Furthermore, the projection p, is a unit for p,C*(E)p,,
and since the inclusion of p,C*(E)p, into C*(E) preserves K-theory [30,
Proposition 1.2], we have that (Ko(p,C*(E)py), [pv]o) = (Ko(A), [14]o) and
Ki(poC*(E)py) = K1(A). Thus p,C*(E)p, = A. O

4. GENERALIZATIONS OF GRAPH ALGEBRAS

Since the introduction of graph algebras, various authors have considered
a myriad of generalizations in which a C*-algebra is associated to an object
other than a directed graph. In particular generalizations this object may
be a matrix, a Hilbert C*-module, or something more exotic. The goal in
these generalizations is to produce a class of C*-algebras with the following
properties:
(1) the class includes graph algebras in a natural way, as well as C*-
algebras that are not graph algebras; and
(2) for each C*-algebra in the class, the structure of the C*-algebra is
reflected in the object from which it is created.

In this section, we will discuss some of the generalizations which have
become prominent in the literature in the past few years. Because each of
these classes has been the subject of many papers, a complete description
of each of the theories and their developments is beyond our scope. Instead,
we will simply attempt a whirlwind survey of a handful of important classes.
In each case, our goal will be to

(1) define the basic objects that will be used in place of directed graphs,
and discuss how a C*-algebra can be constructed from such an ob-
ject,

(2) explain how graph algebras are special cases of these C*-algebras,
and

(3) compare and contrast the theory for these C*-algebras to the theory
for graph C*-algebras.

We will consider four classes of C*-algebras that generalize graph alge-
bras: Exel-Laca algebras, ultragraph algebras, Cuntz-Pimsner algebras, and
topological quiver algebras.

4.1. Exel-Laca Algebras. The Exel-Laca algebras, which were introduced
in [12], can be thought of as Cuntz-Krieger algebras for infinite matrices.
The idea is that one begins with a countable square matrix A with entries
in {0,1}. One then defines the Exel-Laca algebra O4 to be the C*-algebra
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generated by partial isometries (one for each row) satisfying relations deter-
mined by A. These relations are meant to generalize the relations used to
define a Cuntz-Krieger algebra (and when A is finite, they reduce to pre-
cisely these relations). The difficulty comes in defining the relations when
A is not row-finite.

Definition 4.1 (Exel-Laca). Let I be a countable set and let A = {A(%, j)i jer}
be a {0, 1}-matrix over I with no identically zero rows. The Exel-Laca al-
gebra O4 is the universal C*-algebra generated by partial isometries {s; :
i € I} with commuting initial projections and mutually orthogonal range
projections satisfying sjs;s;s; = A(i, j)s;s; and

(4.1) I sise JT (1 = sps0) =D AX, Y, j)s;s)

zeX yey Jel

whenever X and Y are finite subsets of I such that the function

jel— A(X,Y,j): HAJ:jH — Ay, 7))
reX yey

is finitely supported.

To understand where this last relation comes from, notice that combi-
nations of formal infinite sums obtained from the original Cuntz-Krieger
relations could give relations involving finite sums, and (4.1) says that these
finite relations must be satisfied in O 4; see the introduction of [12] for more
details.

Although there is reference to a unit in (4.1), this relation applies to
algebras that are not necessarily unital, with the convention that if a 1 still
appears after expanding the product in (4.1), then the relation implicitly
states that O4 is unital. It is also important to realize that the relation
(4.1) also applies when the function j — A(X,Y,7) is identically zero. This
particular instance of (4.1) is interesting in itself so we emphasize it by
stating the associated relation separately:

(4.2) H Sy Sy H —8,8y) =0

zeX yey

whenever X and Y are finite subsets of I such that A(X,Y,j) = 0 for every
jel.

Remark 4.2. If FE is a graph with no sinks or sources, then C*(FE) is an
Exel-Laca algebra. In fact, it is shown in [14, Proposition 9] that if F has
no sinks or sources, and if {s.,p, : e € E' v € E°} is a Cuntz-Krieger
E-family, then {s. : e € E'} is a collection of partial isometries satisfying
the relations defining Op,,, where B is the edge matrix of F.

Not all graph algebras are Exel-Laca algebras; there are examples of
graphs with sinks, and other examples of graphs with sources, whose C*-
algebras are not isomorphic to any Exel-Laca algebra.
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There is a Cuntz-Krieger Uniqueness Theorem for Exel-Laca algebras. If
A is a countable square matrix over I with entries in {0, 1}, then we define
a directed graph Gr(A), by letting the vertices of this graph be I, and then
drawing an edge from ¢ to j if and only if A(7,j) = 1.

The following theorem is an equivalent reformulation of [12, Theorem 13.1].

Theorem 4.3 (Cuntz-Krieger Uniqueness Theorem). Let I be a countable
set and let A = {A(4,7)ijer} be a {0,1}-matriz over I with no identically
zero rows. If Gr(A) satisfies Condition (L), and if p : Og — B is a *-
homomorphism between C*-algebras with the property that p(S;) # 0 for all
1 € 1, then p is injective.

The graph Gr(A) is also useful in describing pure infiniteness of Exel-Laca
algebras. It is shown in [12, Theorem 16.2] that every nonzero hereditary
subalgebra of O 4 contains an infinite projection if and only if Gr(A) satisfies
Condition (L) and every vertex in Gr(A) can reach a loop in Gr(A).

Simplicity for Exel-Laca algebras is more complicated. Exel and Laca
showed in [12, Theorem 14.1] that if Gr(A) is transitive and not a single loop,
then O4 is simple. A complete characterization of simplicity was obtained
by Szymanski in [41], where he defined a notion of saturated hereditary
subset for A, and proved that O4 is simple if and only if Gr(A) satisfies
Condition (L) and A has no proper nontrivial saturated hereditary subsets.
(We mention that there are examples of a matrix A such that O4 is simple,
but C*(Gr(A)) is not simple!) Szymarniski’s result can also be used to show
that the dichotomy holds for simple Exel-Laca algebras: every simple Exel-
Laca algebra is either AF or purely infinite.

In addition, the universal property of O4 gives a gauge action v : T —
Aut Oy with ~,(S;) = zS;, and there is a gauge-invariant uniqueness theo-
rem for Exel-Laca algebras. Exel and Laca also calculate the K-theory of
O, in [13].

4.2. Ultragraph Algebras. One difficulty with Exel-Laca algebras is that
the matrix A lacks the visual appeal one finds in a graph. In fact when
describing appropriate version of graph notions, such as Condition (L) or
vertices being able to reach loops, one introduces an associated graph Gr(A).
However, as we saw in our description of simplicity, the graph Gr(A) does
not fully reflect the structure of Q4. In addition, when working with Exel-
Laca algebras one must deal with complicated relations among generators,
such as in (4.1), which again lack the visual appeal of graph algebras.

An attempt to study Exel-Laca algebras using a generalized notion of a
graph, called an “ultragraph”, was undertaken in [43] and [44]. Roughly
speaking, an ultragraph is a directed graph in which the range of an edge is
allowed to be a set of vertices rather than a single vertex.

Definition 4.4. An ultragraph G = (G°,G',r,s) consists of a countable set
of vertices GO, a countable set of edges gl, and functions s : G} — G° and
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r: G — P(GY), where P(G) denotes the collection of nonempty subsets
of G°.

Remark 4.5. Note that a graph may be viewed as a special type of ultragraph
in which r(e) is a singleton set for each edge e.

Example 4.6. A convenient way to draw ultragraphs is to first draw the set
GO of vertices, and then for each edgee € G L draw an arrow labeled e from
s(e) to each vertex in r(e). For instance, the ultragraph given by

:{v,w,x} S(e) = S(f) = w S(g) — 2
Y={e f, g} rle) = {v,w,z}  r(f)={z} rlg) = {v,w}

may be drawn as

We then identify any arrows with the same label, thinking of them as being
a single edge. Thus in the above example there are only three edges, e, f,
and g, despite the fact that there are six arrows drawn.

A vertex v € GO is called a sink if [s~1(v)| = 0 and an infinite emitter if
|57 (v)] = o0

For an ultragraph G = (G°, G, 7, s) we let G denote the smallest sub-
collection of the power set of GV that contains {v} for all v € G°, contains
r(e) for all e € G', and is closed under finite intersections and finite unions.
Roughly speaking, the elements of {v: v € G} U {r(e) : e € G'} play the
role of “generalized vertices” and GY plays the role of “subsets of generalized
vertices”.

Definition 4.7. If G is an ultragraph, a Cuntz-Krieger G-family is a collection
of partial isometries {s. : e € G'} with mutually orthogonal ranges and a
collection of projections {pa : A € G} that satisfy

(1) po = 0, papB = Panp, and paup = pa+pp —panp for all 4, B € G°
(2) siSe = pr(e) for all e € G

(3) Sest < py(e) for all e € G

4) p :Z (¢)=v SeSe whenever 0 < [s~ L(w)] < oo.

We define C*(G) to be the C*-algebra generated by a universal Cuntz-
Krieger G-family. When A is a singleton set {v}, we write p, in place of
P{v}-

When G has the property that r(e) is a singleton set for every edge e,
then G may be viewed as a graph (and, in fact, every graph arises this
way). In this case G° is simply the finite subsets of G°, and if {s.,p,} is a
Cuntz-Krieger family for the graph algebra associated to G, then by defining
PA = D ,caPv We see that {pa,s.} is a Cuntz-Krieger G-family, and thus
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the graph algebra and the ultragraph algebra for G coincide. (The details
of this argument are carried out in [43, Proposition 3.1].)

When G is an ultragraph with an edge e such that r(e) is an infinite set,
then the projection p,(.) will dominate p, for all v € r(e), but p,) will not
be the sum of any finite collection of p,’s. It is projections such as these
that allow for ultragraph algebras that are not graph algebras.

In addition to containing all graph algebras, it is shown in [43, §4] that
all Exel-Laca algebras are ultragraphs. Furthermore, it is shown in [44] that
there are ultragraph algebras that are neither Exel-Laca algebras nor graph
algebras. Thus the ultragraph algebras provide us with a strictly larger class
than graph algebras and Exel-Laca algebras.

A path in an ultragraph G is a sequence of edges «aj ..., with s(a;) €
r(aj—q) for i =2,3,...,n

Definition 4.8. If G is an ultragraph, then a loop is a path «g ..., with
s(a1) € r(ay). An ezit for a loop is either of the following:

(1) an edge e € G! such that there exists an i for which s(e) € r(«;) but
e # it
(2) a sink w such that w € r(«;) for some i.

An exit for a loop is simply something (an edge or sink) that allows one
to avoid repeating the same sequence aj ...a, as one follows edges in G.
Also note that if «; ..., is a loop without an exit, then r(«;) is a single
vertex for all 4.

We now extend Condition (L) to ultragraphs.

Condition (L): Every loop in G has an exit; that is, for any loop a :=
Q1 ...ay, there is either an edge e € G! such that s(e) € r(a;) and e # ;11
for some 4, or there is a sink w with w € r(a;) for some i.

A version of the Cuntz-Krieger Uniqueness Theorem for ultragraph alge-
bras first appeared in [43, Theorem 6.1].

Theorem 4.9 (Cuntz-Krieger Uniqueness Theorem). Let G be an ultragraph
satisfying Condition (L). If p : C*(G) — B is a *-homomorphism between
C*-algebras, and if p(p,) # 0 for all v € GO, then p is injective.

Note that if p(p,) # 0 for all v € G°, then p(pa) # 0 for all nonempty
A € GO since py dominates p, for all v € A.

Furthermore, by the universal property for C*(G) there exists a gauge
action 7y, : T — Aut C*(G) with 7, (pa) = pa and 7. (s¢) = zs. for all A € G°
and e € G'. Tt is shown in [43, Theorem 6.2] that there is a Gauge-Invariant
Uniqueness Theorem for ultragraph algebras.

Theorem 4.10 (Gauge-Invariant Uniqueness Theorem). Let G be an ultra-
graph, let {sc,pa} the canonical generators in C*(G), and let v the gauge
action on C*(G). Also let B be a C*-algebra, and p : C*(G) — B be a *-
homomorphism for which p(p,) # 0 for allv € GO. If there exists a strongly
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continuous action 3 of T on B such that B,0p = po~, for all z € T, then
p 18 injective.

Conditions for simplicity of an ultragraph algebra have been obtained in
[44]. In order to state these conditions, one needs a notion of saturated
hereditary collections.

Definition 4.11. A subcollection H C G° is hereditary if

(1) whenever e is an edge with {s(e)} € H, then r(e) € H
(2) A,B € H, implies AUB € H
(3) Ac'H, BcG® and B C A, imply that B € H.

Definition 4.12. A hereditary subcollection H C G° is saturated if for any
v € G with 0 < |s71(v)| < oo we have that

{r(e):ec G' and s(e) =v} CH implies {v} € H.

Then [44, Theorem 3.10] states that an ultragraph algebra G is simple if
and only if G satisfies Condition (L) and G° contains no saturated hereditary
subcollections other than () and G°.

In addition, the dichotomy holds for simple ultragraph algebras; it is
shown in [44, Proposition 4.5] that every simple ultragraph algebra is either
AF or purely infinite.

Remark 4.13. In the forthcoming article [24] the collection G is defined to
be the smallest subcollection of the power set of G° that contains {v} for all
v € G, contains r(e) for all e € G, and is closed under finite intersections,
finite unions, and relative complements (i.e. A, B € G° implies A\ B € G°).
Using this definition, one obtains the same C*-algebra C*(G), however, this
alternate definition is sometimes more convenient and allows one to avoid
certain technicalities.

4.3. Cuntz-Pimsner Algebras. The Cuntz-Pimsner algebras are a vast
generalization of graph algebras in which a C*-algebra is associated to a
C*-correspondence (sometimes also called a Hilbert bimodule). In addition
to graph algebras, Cuntz-Pimsner algebras generalize crossed products by
Z, ultragraph algebras, and many other well-known C*-algebras.

Definition 4.14. If A is a C*-algebra, then a right Hilbert A-module is a
Banach space X together with a right action of A on X and an A-valued
inner product (-, -) 4 satisfying

(1) (§,ma)a = (&, m)aa

(i) &ma= 8%

1/2

(it)) (€,€)a > 0 and ¢ = (,€)}{
for all £, € X and a € A. For a Hilbert A-module X we let £(X) denote
the C*-algebra of adjointable operators on X, and we let K(X) denote the
closed two-sided ideal of compact operators given by

K(X) :=span{O¢, : {,n e X}
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where @gn is defined by ©¢,(¢) := £(n, () a.

Definition 4.15. If A is a C*-algebra, then a C*-correspondence is a right
Hilbert A-module X together with a x-homomorphism ¢ : A — £(X). We
consider ¢ as giving a left action of A on X by setting a - x := ¢(a)z.

Definition 4.16. If X is a C*-correspondence over A, then a Toeplitz rep-
resentation of X into a C*-algebra B is a pair (¢, ) consisting of a linear
map ¥ : X — B and a x-homomorphism 7 : A — B satisfying

(i) %) ¥ (n) = 7((§,m)a)
(i) P(o(a)€) = m(a)b(£)
(iii) ¥(€a) = (§)m(a)
for all {,n € X and a € A.
If (¢, 7) is a Toeplitz representation of X into a C*-algebra B, we let
C*(¢, ) denote the C*-algebra generated by ¢(X) U m(A).
A Toeplitz representation (¢, 7) is said to be injective if 7 is injective.
Note that in this case ¢ will be isometric since

I @©I* = 1w ©) v @l = Im((& &)l = K€, ) all = lIEN*.

Definition 4.17. For a Toeplitz representation (¢, 7) of a C*-correspondence
X on B there exists a *-homomorphism 7(!) : K(X) — B with the property
that

m(Ogy) = Y(E)w(n)"
Definition 4.18. For an ideal I in a C*-algebra A we define
It ={acA:ab=0forallbe I}

and we refer to I as the annihilator of I in A. If X is a C*-correspondence
over A, we define an ideal J(X) of A by

J(X) = ¢~ (K(X)).
We also define an ideal Jx of A by
Jx = J(X) N (ker ¢)*.

Definition 4.19. If X is a C*-correspondence over A, we say that a Toeplitz
representation (¢, ) is coisometric on Jx if

W (¢p(a)) = 7(a) for all @ € Jyx.

We say that a Toeplitz representation (¢x,m4) which is coisometric on Jx
is universal if whenever (¢, ) is a Toeplitz representation of X into a C*-
algebra B which is coisometric Jx, then there exists a *-homomorphism
Pw,r) + CF(Yx,ma) — B with the property that 1 = p(y - 0 ¥x and 7 =
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P,y © Ta. That is, the following diagram commutes:

Definition 4.20. If X is a C*-correspondence over A, then the Cuntz- Pimsner
algebra Ox is the C*-algebra C*(¢¥x,m4) where (x,74) is a universal
Toeplitz representation of X which is coisometric on Jx.

Now that we have a definition of the Cuntz-Pimsner algebras Ox, we
shall describe how to view graph algebras as Cuntz-Pimsner algebras. In
particular, if F is a directed graph we shall describe how to construct a
C*-correspondence X (E) from E whose Cuntz-Pimsner algebra Ox gy is
isomorphic to the graph algebra C*(FE).

Ezample 4.21 (The Graph C*-correspondence). If E = (E° E',r,s) is a
graph, we define A := Cy(E®) and

X(E):={z:E' - C: the function v~ Y |a(f)[*is in Co(E°) }.
{feB r(f)=v}

Then X (FE) is a C*-correspondence over A with the operations

(z-a)(f) == a(f)a(r(f)) for € E'

(@,y)a(v) = z(f)y(f) for f € E!
{feBtr(f)=v}

(a-2)(f) = a(s(f)z(f) for f € E*

and we call X (E) the graph C*-correspondence associated to E. Note that
we could write X(E) = @SGEO ?%(r~Y(v)) where this denotes the Cy direct
sum (sometimes called the restricted sum) of the £2(r~!(v))’s. Also note
that X(F) and A are spanned by the point masses {d; : f € E'} and

{6, : v € E°}, respectively.

Theorem 4.22 ([14, Proposition 12]). If E is a graph and X = X (FE), then
Ox = C*(E). Furthermore, if (¥x,m4) is a universal Toeplitz representa-
tion of X that is coisometric on Jx, then {¢x(de), 7a(dy)} is a universal
Cuntz-Krieger E-family in Ox.

We now examine how properties of the graph relate to properties of the
graph correspondence. We say that a C*-correspondence is full if

span{(z,y) s 2,y € X} = A,
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and we say a C*-correspondence is essential if
span{¢(a)r:x € X and a € A} = X.
It was shown in [16, Proposition 4.4] that
J(X(E)) = span{s, : |s(v)] < oo}
and if v emits finitely many edges, then
P(dy) = Z Os,5, and ma(p(d)) = Z VYx (05)x(6r)".
{feB:s(f)=v} {feE":s(f)=v}

Furthermore, one can see that 4, € ker ¢ if and only if v is a sink in F. Also
d, € span{(z,y)a} if and only if v is a source, and since d4(y)-dy = J; we see
that span A - X = X and X (F) is essential. These observations show that
we have the following correspondences between the properties of the graph
E and the properties of the graph C*-correspondence X (F).

Property of X (FE) Property of E
#(0y) € K(X(E)) | v emits a finite number of edges
$(A) CK(X(E)) E is row-finite
¢ is injective F has no sinks
X(FE) is full E has no sources
X (F) is essential always

Remembering these properties will help us as we consider results for
Cuntz-Pimsner algebras. For example, if X is a C*-correspondence with
$(A) C K(X), then the theory for Ox is similar to the theory for row-finite
graph algebras. Likewise, if ¢(A) C IC(X) and ¢ is injective, then the theory
for Ox is similar to the theory for row-finite graph algebras with no sinks.

Remark 4.23. If E is a graph with no sinks, then ¢(¢,) = 0 if and only if v
is a sink, and &, € (ker ¢)* if and only if v is not a sink. Thus

Jx (g = span{d, : 0 < |s71(v)| < o0}

Remark 4.24. Suppose that Ox is a Cuntz-Pimsner algebra associated to a
C*-correspondence X, and that (1, 7) is a universal Toeplitz representation
of X which is coisometric on Jx. Then for any z € T we have that (29, m)
is also a universal Toeplitz representation which is coisometric on K. Hence
by the universal property, there exists a homomorphism ~, : Ox — Ox
such that 7,(7(a)) = 7w(a) for all @ € A and ~,(¢¥(§)) = 2z¥(§) for all
& € X. Since v,-1 is an inverse for this homomorphism, we see that v, is an
automorphism. Thus we have an action v : T — Aut Ox with the property

that 7;(m(a)) = m(a) and 7. (¥(£)) = z¢(¢)-

There exists a Gauge-Invariant Uniqueness Theorem for Cuntz-Pimsner
algebras [22, Theorem 6.4].



THE STRUCTURE OF GRAPH C*ALGEBRAS AND THEIR GENERALIZATIONS 53

Theorem 4.25 (Gauge-Invariant Uniqueness Theorem). Let X be a C*-
correspondence and let p : Ox — B be a x-homomorphism between C*-
algebras with the property that pl., ay is injective. If there exists a gauge
action 8 of T on B such that B,0p = po~y, for all z € T, then p is injective.

In addition, the gauge-invariant ideals for a Cuntz-Pimsner algebra can
be classified, in analogy with Theorem 1.6 and Theorem 2.24. As with graph
algebras, this description takes the nicest form when ¢(A4) C K(X) and ¢ is
injective.

Definition 4.26. Let X be a C*-correspondence over A. We say that an
ideal I <A is X -invariant if $(I)X C XI. We say that an X-invariant ideal
I < Ais X-saturated if

a€ Jx and ¢p(a)X C XI — a€l.
The next theorem follows from [28, Theorem 6.4] and [15, Corollary 3.3].

Theorem 4.27. Let X be a C*-correspondence with the property that ¢(A) C
X and ¢ is injective. Also let (¥x,m4) be a universal Toeplitz representation
of X that is coisometric on Jx. Then there is a lattice isomorphism from
the X -saturated X -invariant ideals of A onto the gauge-invariant ideals of
Ox given by

I — Z(I) := the ideal in Ox generated by wa(I).

Furthermore, Ox /I(I) = Ox/x1, and the ideal Z(I) is Morita equivalent to
Oxr.

For general C*-correspondences the gauge-invariant ideals of Ox corre-
spond to admissible pairs of ideals (I, .J) coming from A. (See [23, Theo-
rem 8.6] for more details.)

Although simplicity of Ox has been characterized for C*-correspondences
satisfying certain hypotheses, there is no general characterization of sim-
plicity for Ox. In addition, it is unknown whether there is an analogue of
Condition (L) for C*-correspondences, and currently there does not exist a
Cuntz-Krieger Uniqueness Theorem for Cuntz-Pimsner algebras. It is also
known that the dichotomy does not hold for Cuntz-Pimnser algebras: there
are simple Cuntz-Pimsner algebras that are neither AF nor purely infinite.

In addition, a six-term exact sequence for the K-groups of Ox has been
established in [18, Theorem 8.6] generalizing that of [33, Theorem 4.9]. This
sequence allows one to calculate the K-theory of Ox in certain situations.
It is a fact that all possible K-groups can be realized as the K-theory of
Cuntz-Pimsner algebras.

4.4. Topological Quiver Algebras. Because the Cuntz-Pimsner algebras
encompass such a wide class of C*-algebras and exhibit a variety of behav-
ior, it is sometimes difficult to study them in full generality. Therefore,
authors will sometimes seek a “nice” subclass of Cuntz-Pimsner algebras
whose behavior is similar to familiar C*-algebras. One such subclass is the
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topological quiver algebras, which we will define by generalizing the con-
struction of the graph C*-correspondence described in Example 4.21. (We
refer the reader to [29] for a more detailed exposition of topological quivers
and their C*-algebras.)

Definition 4.28. A topological quiver is a quintuple Q@ = (E° E' 7, s,)\)
consisting of a second countable locally compact Hausdorff space EY (whose
elements are called vertices), a second countable locally compact Hausdorff
space E' (whose elements are called edges), a continuous open map 7 :
E' — EY a continuous map s : E! — EY, and a family of Radon measures
A= { M\ }yemo on E' satisfying the following two conditions:

(1) supp A, = 7~ }(v) for all v € E°

(2) v [ &(a)dAy(e) is an element of C(EY) for all £ € C.(E").

The term “quiver” was chosen because of the relation of the notion to
ring theory where finite directed graphs are called quivers. In addition, we
see that directed graphs are topological quivers in which the vertex and edge
spaces have the discrete topology and the measure ), is counting measure
for all vertices v.

We mention that if one is given EY, E', r, and s as described in Defini-
tion 4.28, then there always exists a family of Radon measures A = {\, },cgo
satisfying Conditions (1) and (2) (the existence relies on the fact that E' is
second countable). However, in general this choice of A is not unique.

When the map r is a local homeomorphism and A\, is chosen as counting
measure, we call the quiver a topological graph. Topological graphs have
been studied extensively in [18, 19, 20, 21].

A topological quiver @ = (E°, E',r, s, \) gives rise to a C*-correspondence
in the following manner: We let A := Cy(E°) and define an A-valued inner
product on C.(E') by

& nal) = /_1( )@n(a) Ay () for v € E and &, € C.(E").

We shall let X denote the closure of C.(E!) in the norm arising from this
inner product. We define a right action of A on X by setting

- f(a):=¢&(a)f(r(a))  fora € B, ¢ €C(BY), and f € Co(E")
and extending to all of X. We also define a left action ¢ : A — L(X) by
setting

o()E(@) = f(s(a)s(a)  fora € B, £ € C(E"), and f € Co(E")

and extending to all of X. With this inner product and these actions X is
a C™*-correspondence over A, and we refer to X as the C*-correspondence
associated to Q.

Definition 4.29. If Q is a topological quiver, then we define C*(Q) := Ox,
where X is the C*-correspondence associated to Q. We let (g, mg) denote
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the universal Toeplitz representation of X into C*(Q) that is coisometric on
Jx.

Since A := Cy(E") is a commutative C*-algebra, it follows that the ideals
of A correspond to open subsets of E°. In the following definition we identify
some of these subsets for important ideals associated with X.

Definition 4.30. If @ = (EY, E',r, s, \) is a topological quiver, we define the
following:

(1) Eginks = EO\S(El)

(2) EY. = {v € E° : there exists a precompact neighborhood V' of v such
that s~(V) is compact and 7| s-1(v) is a local homeomorphism}

(3) Ereg = Egy\Eg

reg * sinks

Remark 4.31. The notation and terminology of Definition 4.30 is meant to
generalize the various types of vertices found in directed graphs. It can
be shown that ¢~1(0) = CO(Eginks)7 p~HK(X)) = C’O(Egn), Jx = CO(E?eg).
And when @ is a discrete graph, the sets Egnks, Egn, and E?eg correspond to
the sinks, finite-emitters, and regular vertices (i.e., vertices that are neither
sinks nor infinite emitters).

Because they are Cuntz-Pimsner algebras, quiver algebras have a natural
gauge action v : T — Aut C*(Q) with v,(mg(a)) = mgo(a) and v, (¢Yo(z)) =
zpg(x) for a € A and € X. There is also a Gauge-Invariant Uniqueness
Theorem for quiver algebras.

Theorem 4.32 (Guage-Invariant Uniqueness Theorem). Let Q be a topolog-
ical quiver and let X be the C*-correspondence over A associated to Q. Let
p: C*(Q) — B be a x-homomorphism between C*-algebras with the property
that plr,(ay is injective. If there exists a gauge action 3 : T — Aut B such
that B, o p = po~y,, then p is injective.

In addition, the gauge-invariant ideals of C*(Q) can be described. In
analogy with graph algebras, this takes the nicest form when EO = EO,

reg
Definition 4.33. Let @ = (E°, E',r,s,\) be a topological quiver. We say
that a subset U C EY is hereditary if whenever a € E' and s(a) € U,
then r(a) € U. We say that a hereditary subset U is saturated if whenever
ve€ EY, and r(s71(v)) C U, then v € U.

reg
Theorem 4.34. Let Q = (E° E',r,5,\) be a topological quiver with the
property that EPeg = EV. Then there is a bijective correspondence from the
set of saturated hereditary open subsets of E® onto the gauge-invariant ideals
of C*(Q) given by

U Iy = the ideal in C*(Q) generated by mo(Co(U)).

Furthermore, for any saturated hereditary open subset U we have that Iy is
Morita equivalent to C*(Qy ), where Qy is the subquiver of Q whose vertices



56 MARK TOMFORDE

are U and whose edges are s~ (U), and C*(Q) /Iy = C*(Q\U), where Q\U
is the subquiver of Q whose vertices are EO\ U and edges are E* \ r~1(U).

For general topological quivers, the gauge-invariant ideals of C*(Q) cor-
respond to pairs (U, V') of admissible subsets. (See [29, §8] for more details.)

In addition there is a version of Condition (L), and a Cuntz-Krieger
Uniqueness Theorem for quiver algebras. Note that Condition (L) makes
use of the topology on E°.

Condition (L): The set of base points of loops in Q with no exits has empty
interior.

Theorem 4.35 (Cuntz-Krieger Uniqueness Theorem). Let Q be a topolog-
ical quiver that satisfies Condition (L), and let X be the C*-correspondence
over A associated to Q. If p : C*(Q) — B is a x-homomorphism from
C*(Q) into a C*-algebra B with the property that the restriction plr,(ay is
injective, then p is injective.

Furthermore, simplicity of quiver algebras has been characterized: The
quiver algebra C*(Q) is simple if and only if @ satisfies Condition (L) and
there are no saturated hereditary open subsets of E? other than () and E°
[29, Theorem 10.2].

We mention also that the dichotomy does not hold for quiver algebras:
There are simple quiver algebras that are neither AF nor purely infinite.

Also, a there is version of Condition (K) for quiver algebras.

Definition 4.36. If Q@ = (E°, E', r, s, \) is a topological quiver and v,w € E°,
then we write w > v to mean that there is a path o € E™ with s(a) = w
and r(a) = v. We also define v= := {w € EY : w > v}.

Condition (K): The set
{ve EY : v is the base point of exactly one simple loop
and v is isolated in v= }
is empty.

Theorem 4.37. ([29, Theorem 9.10]) Let @ = (EY, E', 7,5, \) be a topolog-
ical quiver that satisfies Condition (K). Then every ideal in C*(Q) is gauge
mvariant.

Remark 4.38. It has been shown by Katsura that every AF algebra is iso-
morphic to the C*-algebra of a topological graph, and that every Kirchberg-
Phillips algebra is isomorphic to the C*-algebra of a topological graph. In
addition, in a forthcoming paper of Katsura, Muhly, Sims, and Tomforde it
will be shown that every ultragraph algebra is the C*-algebra of a topological
graph. Hence the class of quiver algebras contains all ultragraph algebras
and also all Exel-Laca algebras. Furthermore, the only known conditions
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that a topological graph algebra must satisfy are: (1) it must be nuclear,
and (2) it must satisfy the UCT. At the time of this writing it is an open
question whether any nuclear C*-algebra satisfying the UCT is isomorphic
to a topological graph algebra.

REFERENCES

[1] T. Bates, J. H. Hong, I. Raeburn, and W. Szymarski, The ideal structure of C*-
algebras of infinite graphs, llinois J. Math 46 (2002), 1159-1176.

[2] T. Bates, D. Pask, I. Raeburn and W. Szymaiiski, The C*-algebras of row-finite
graphs, New York J. Math. 6 (2000), 307-324.

[3] B. Blackadar, K-theory for Operator Algebras, 2°¢ ed., Cambridge University Press,
Cambridge, 1998.

[4] M. D. Choi and E. G. Effros, Separable nuclear C*-algebras and injectivity, Duke
Math. J. 43 (1976), 309-322.

[5] A. Connes, Classification of injective factors, Ann. of Math. 104 (1976), 73-115.

[6] D. Drinen, Viewing AF-algebras as graph algebras, Proc. Amer. Math. Soc. 128
(2000), 1991-2000.

[7] D. Drinen and M. Tomforde, The C*-algebras of arbitrary graphs, Rocky Mountain
J. Math. 35 (2005), 105-135.

[8] D. Drinen and M. Tomforde, Computing K -theory and Ezt for graph C*-algebras,
Nlinois J. Math. 46 (2002), 81-91.

[9] E. Effros, Dimensions and C*-algebras, CBMS Regional Conf. Ser. in Math. no. 46,
American Mathematical Society, Providence, RI, 1980.

[10] G. Elliott, On the classification of inductive limits of sequences of semisimple finite-
dimensional algebras, J. Algebra 38 (1976), 29-44.

[11] M. Ephrem, Characterizing liminal and Type I graph C*-algebras, J. Operator Theory
52 (2004), 303-323.

[12] R. Exel and M. Laca, Cuntz-Krieger algebras for infinite matrices, J. Reine Angew.
Math. 512 (1999), 119-172.

[13] R. Exel and M. Laca, The K-theory of Cuntz-Krieger algebras for infinite matrices,
K-Theory 19 (2000), 251-268.

[14] N. Fowler, M. Laca, and I. Raeburn, The C*-algebras of infinite graphs, Proc. Amer.
Math. Soc. 8 (2000), 2319-2327.

[15] N. Fowler, P. Muhly, and I. Raeburn, Representations of Cuntz-Pimsner algebras,
Indiana Univ. Math. J. 52 (2003), 569-605.

[16] N. Fowler and I. Raeburn, The Toeplitz algebra of a Hilbert bimodule, Indiana Univ.
Math. J. 48 (1999), 155-181.

[17] J. H. Hong and W. Szymarniski, The primitive ideal space of the C*-algebras of infinite
graphs, J. Math. Soc. Japan 56 (2004), 45-64.

[18] T. Katsura, A class of C™-algebras generalizing both graph algebras and homeomor-
phism C*-algebras I, fundamental results, Trans. Amer. Math. Soc. 356 (2004), 4287—
4322.

[19] T. Katsura, A class of C*-algebras generalizing both graph algebras and homeomor-
phism C™-algebras II, examples, preprint (2004).

[20] T. Katsura, A class of C*-algebras generalizing both graph algebras and homeomor-
phism C™-algebras III, ideal structures, preprint (2004).

[21] T. Katsura, A class of C*-algebras generalizing both graph algebras and homeomor-
phism C*-algebras IV, pure infiniteness, preprint (2004).

[22] T. Katsura, On C*-algebras associated with C™*-correspondences, J. Funct. Anal. 217
(2004), 366-401.

[23] T. Katsura, Ideal structure of C*-algebras associated with C™-correspondences,
preprint (2003).



58

[24]
[25)
126]
[27]
28]
[29]
[30]
31]
[32)
33

34]

[35]

(36]

37]

(38]
(39]
(40]
41]
(42]
(43]
44]
(45]
(46]
(47]

(48]

MARK TOMFORDE

T. Katsura, P. Muhly, A. Sims, and M. Tomforde, Ultragraph algebras via topological
quivers, in preparation.

E. Kirchberg and M. Rgrdam, Non-simple purely infinite C*-algebras, Amer. J. Math.
122 (2000), 637-666.

A. Kumjian and D. Pask, C*-algebras of directed graphs and group actions, Ergodic
Theory Dynam. Systems 19 (1999), 1503-1519.

A. Kumjian, D. Pask, and I. Raeburn, Cuntz-Krieger algebras of directed graphs,
Pacific J. Math. 184 (1998), 161-174.

P. Muhly and M. Tomforde, Adding tails to C*-correspondences, Documenta Math.
9 (2004), 79-106.

P. Muhly and M. Tomforde, Topological quivers, Internat. J. Math. 16 (2005), 693—
756.

W. L. Paschke, K-theory for actions of the circle group on C™*-algebras, J. Operator
Theory 6 (1981), 125-133.

G. Pedersen, C*-algebras and their Automorphism Groups, Academic Press Inc., New
York, 1979.

N. C. Phillips, A classification theorem for nuclear purely infinite simple C* -algebras,
Doc. Math. 5 (2000), 49-114.

M. V. Pimsner, A class of C*-algebras generalizing both Cuntz-Krieger algebras and
crossed products by Z, Fields Institute Comm. 12 (1997), 189-212.

I. Raeburn, Graph algebras. CBMS Regional Conference Series in Mathematics, 103,
Published for the Conference Board of the Mathematical Sciences, Washington, DC;
by the American Mathematical Society, Providence, RI, 2005. vi+113 pp.

1. Raeburn and W. Szymarnski, Cuntz-Krieger algebras of infinite graphs and matrices,
Trans. Amer. Math. Soc. 356 (2004), 39-59.

I. Raeburn and D. P. Williams, Morita Equivalence and Continuous-Trace C*-
Algebras, Math. Surveys & Monographs, vol. 60, Amer. Math. Soc., Providence,
1998.

M. Rgrdam, F. Larsen, and N. J. Laustsen, An Introduction to K-theory for C*-
algebras, London Mathematical Society Student Texts 49, Cambridge University
Press, Cambridge, 2000.

J. Rosenberg and C. Schochet, The Kinneth theorem and the universal coefficient
theorem for Kasparov’s generalized K -functor, Duke Math. J. 55 (1987), 431-474.
W. Szymarnski, On semiprojectivity of C*-algebras of directed graphs, Proc. Amer.
Math. Soc., 130 (2002), 1391-1399.

W. Szymariski, The range of K-invariants for C*-algebras of infinite graphs, Indiana
Univ. Math. J. 51 (2002), 239-249.

W. Szymanski, Simplicity of Cuntz-Krieger algebras of infinite matrices, Pacific J.
Math. 199 (2001), 249-256.

M. Tomforde, Computing Ext for graph algebras, J. Operator Theory 49 (2003), 363—
387.

M. Tomforde, A unified approach to Ezel-Laca algebras and C*-algebras associated to
graphs, J. Operator Theory 50 (2003), 345-368.

M. Tomforde, Simplicity of ultragraph algebras, Indiana Univ. Math. J. 52 (2003),
901-926.

M. Tomforde, The  ordered  Ko-group of a  graph  C*-algebra,
C. R. Math. Acad. Sci. Soc. R. Can. 25 (2003), 19-25.

J. Tyler, Every AF-algebra is Morita equivalent to a graph algebra, Bull. Austral.
Math. Soc. 69 (2004), 237-240.

N. E. Wegge-Olsen, K-theory and C*-algebras, Oxford University Press, Oxford,
1993.

S. Zhang, Certain C™*-algebras with real rank zero and their corona and multiplier
algebras I, Pacific J. Math. 155 (1992), 169-197.



THE STRUCTURE OF GRAPH C*ALGEBRAS AND THEIR GENERALIZATIONS 59

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HOusTON, HOUSTON, TX 77204-
3476, USA
E-mail address: tomforde@math.uh.edu



